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Abstract
For N -extended superconformal field theories in three spacetime dimensions
(3D), with 1 ≤ N ≤ 3, we compute the two- and three-point correlation functions
of the supercurrent and the flavour current multiplets. We demonstrate that super-
symmetry imposes additional restrictions on the correlators of conserved currents
as compared with the non-supersymmetric case studied by Osborn and Petkou in
hep-th/9307010. It is shown that the three-point function of the supercurrent is
determined by a single functional form consistent with the conservation equation
and all the symmetry properties. Similarly, the three-point function of the flavour
current multiplets is also determined by a single functional form in the N = 1 and
N = 3 cases. The specific feature of the N = 2 case is that two independent
structures are allowed for the three-point function of flavour current multiplets, but
only one of them contributes to the three-point function of the conserved currents
contained in these multiplets. Since the supergravity and super-Yang-Mills Ward
identities are expected to relate the coefficients of the two- and three-point func-
tions under consideration, the results obtained for 3D superconformal field theory
are analogous to those in 2D conformal field theory.
In addition, we present a new supertwistor construction for compactified Min-
kowski superspace. It is suitable for developing superconformal field theory on 3D
spacetimes other than Minkowski space, such as S1 × S2 and its universal covering
space R× S2.
1On leave from Tomsk Polytechnic University, 634050 Tomsk, Russia.
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1 Introduction
One of the well-known implications of conformal invariance in d ≥ 2 dimensions [1, 2, 3]
is that the functional form of the two- and three-point correlation functions of primary
fields is fixed up to a finite number of parameters.1 In general, however, it is a nontrivial
technical exercise to determine explicitly the three-point functions of constrained tensor
operators, examples of which are the energy momentum-tensor or conserved vector cur-
rents. The point is that such operators obey certain differential constraints and some
1In the Euclidean case, these results follow from the following well-known mathematical observation.
For any three distinct points p1, p2 and p3 on the d-sphere S
d = Rd
⋃{∞}, there exists a conformal
transformation g ∈ SO0(d + 1, 1) that maps these points to ~0, (1, 0, . . . , 0) and ∞, respectively. Here Sd
is understood to be the conformal compactification of Euclidean space Rd, i.e. the set of all null straight
lines through the origin in Rd+1,1. The above observation can be rephrased as the statement that there
is no conformal invariant of three points.
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work is required in order to classify those functional contributions to the given three-
point function, which are consistent with all the constraints. Building on the theoretical
ideas and results that may be traced back as early as the 1970s (see, e.g., [4, 5, 6, 7, 8]
and references therein), Osborn and Petkou [9] presented the group-theoretic formalism
to construct the three-point functions for primary fields of arbitrary spin in d dimen-
sions.2 They analysed in detail the restrictions on the correlation functions imposed by
the conservation equations for the energy-momentum tensor and conserved currents, and
the outcomes of their study include the following conclusions: The three-point function
of the energy-momentum tensor contains three linearly independent functional forms for
d > 3, while for d = 3 there are two and for d = 2 only one.3 The three-point function
of vector currents contains two linearly independent completely antisymmetric functional
forms, which is in accord with the result obtained in 1971 by Schreier [2]. In the d = 4
case, an additional completely symmetric structure is allowed, which reflects the presence
of anomalies [14]. In the same d = 4 case, the three parameters describing the three-point
function of the energy-momentum tensor were demonstrated [9, 14] to be related to two
coefficients in the trace anomaly of a conformal field theory in curved space.
When conformal symmetry is combined with supersymmetry, the story of the two- and
three-point functions of conserved currents described in [9, 14] has to be supplemented
with a sequel, for there appear conceptually new fermionic conserved currents. In the
realm of supersymmetric field theories, the energy-momentum tensor is replaced with the
supercurrent [15]. The latter is a supermultiplet containing the energy-momentum tensor
and the supersymmetry current, along with some additional components such as the R-
symmetry current. Thus the supercurrent contains fundamental information about the
symmetries of a given supersymmetric field theory.
The supercurrent is the source of supergravity [16, 17, 18], in the same way as the
energy-momentum tensor is the source of gravity. For every superconformal field the-
ory, the supercurrent is an irreducible multiplet that may be coupled to the Weyl mul-
tiplet of conformal supergravity. For non-superconformal theories, the supercurrent is
reducible and contains the so-called trace multiplet which includes the trace of the energy-
momentum tensor. Different supersymmetric theories may possess different trace multi-
plets that correspond to different off-shell formulations for supergravity.
2In four dimensions, the three-point function of the energy-momentum tensor was first derived by
Stanev [10].
3In three dimensions, conformal invariance also allows parity violating structures for the three-point
functions involving either the energy-momentum tensor, flavour currents or higher spin currents [11, 12]
(see also [13]).
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For completeness, it is pertinent to recall the structure of (non-)conformal supercur-
rents in four spacetime dimensions (4D). The N = 1 conformal supercurrent [15] is a real
vector superfield Jαβ˙ constrained by D¯
β˙Jαβ˙ = 0 or, equivalently, D
αJαβ˙ = 0. The simplest
non-conformal supercurrent was given by Ferrara and Zumino [15]; the corresponding con-
servation equation is D¯β˙Jαβ˙ = DαT , where the trace multiplet T is chiral (see [19] for
a review). The Ferrara-Zumino supercurrent proves to be well defined on a dense set in
the space of N = 1 supersymmetric field theories. For recent discussions of the most
general 4D N = 1 non-conformal supercurrents, see [20, 21, 22]. The N = 2 conformal
supercurrent [23, 24] is a real scalar superfield J constrained by D¯iα˙D¯
α˙jJ = 0 or, equiva-
lently, DαiDjαJ = 0, see [25] for more details. Numerous N = 2 supersymmetric theories
are characterised by the following conservation equation [25, 26]: D¯iα˙D¯
α˙jJ = iT ij + gijY .
Here the trace multiplets T ij = T ji = Tij and Y are linear and reduced chiral superfields
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respectively; gij = gji = gij is a constant iso-triplet that might be thought of as an expec-
tation value of the tensor multiplet, one of the two supergravity compensators, see [26]
for the details.
Superconformal symmetry imposes additional restrictions on the structure of three-
point functions of conserved currents as compared with the non-supersymmetric case
studied in [9, 14]. In 4D N = 1 superconformal theories, the three-point function of the
supercurrent is the sum of two linearly independent functional structures [27] as compared
with the three functional forms in the non-supersymmetric case [9]. The corresponding
coefficients a and c were shown [27] to be related to those constituting the super-Weyl
anomaly in curved superspace studied theoretically in [28] and computed explicitly in [29]
(see [19] for a review).5 The same conclusion holds for the three-point function of the
supercurrent in 4D N = 2 superconformal field theories [25], while N = 4 superconformal
symmetry is known to demand a = c. As concerns the three-point function of the flavour
current multiplets, there exist two independent structures in the 4D N = 1 case [27] (as
compared with three in the non-supersymmetric case [9, 14]), while N = 2 superconformal
symmetry allows only one [25].
The present paper is the first in a series devoted to the correlation functions of con-
served currents in N -extended superconformal field theories in three spacetime dimen-
sions. We start with a brief discussion of 3D conformal supercurrents and flavour current
4The linear superfield is constrained by D
(i
αT
jk) = D¯
(i
α˙T
jk) = 0, while the reduced chiral superfield
obeys the chirality constraint D¯iα˙Y = 0 and the reality condition D
αiDjαY = D¯
i
α˙D¯
α˙j Y¯ .
5In his analysis [27], Osborn used the realisation of superconformal transformations in 4D N = 1
Minkowski superspace described in [19]. Earlier works on superconformal transformations in superspace
include [30, 31, 32].
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multiplets. The 3D N -extended conformal supercurrents have been described in [33] us-
ing the conformal superspace formulation for N -extended conformal supergravity given
in [34]. For every N = 1, 2 . . . , the supercurrent is a primary real superfield of certain
tensor type and dimension, which obeys some conservation equation formulated in terms
of covariant derivatives. Denoting by DIα the spinor covariant derivatives of N -extended
Minkowski superspace R3|2N , the conformal supercurrents6 for N ≤ 4 are specified by the
following properties:∣∣∣∣∣∣∣∣∣∣∣∣
SUSY Type Supercurrent Dimension Conservation Equation
N = 1 Jαβγ 5/2 DαJαβγ = 0
N = 2 Jαβ 2 DIαJαβ = 0
N = 3 Jα 3/2 DIαJα = 0
N = 4 J 1 (DIαDJα − 14δIJDLαDLα)J = 0
∣∣∣∣∣∣∣∣∣∣∣∣
(1.1)
For N > 4, the conformal supercurrent is a completely antisymmetric dimension-1 super-
field, JIJKL = J [IJKL], subject to the conservation equation
DIαJ
JKLP = D[Iα J
JKLP ] − 4N − 3D
Q
α J
Q[JKLδP ]I . (1.2)
The above results follow from the analyses carried out in [34, 33]. Given an N -extended
superconformal field theory, it may be coupled to the Weyl multiplet of N -extended
conformal supergravity. In curved superspace, the supercurrent J (with its indices sup-
pressed) of the matter model with action Smatter is
J ∝ δSmatter
δH
, (1.3)
with H being an unconstrained prepotential for conformal supergravity. The latter has
the following index structure: Hαβγ for N = 1 [37], Hαβ for N = 2 [38, 39], Hα for N = 3
and H for N = 4 [34, 33].7
The 3D N -extended flavour current multiplets constitute another family of primary
real superfields obeying certain conservation equations. For N ≤ 3, they have the follow-
ing structure:∣∣∣∣∣∣∣∣∣∣
SUSY Type Flavour Current Dimension Conservation Equation
N = 1 Lα 3/2 DαLα = 0
N = 2 L 1 (DαIDJα − 12δIJDKαDKα )L = 0
N = 3 LI 1 D(Iα LJ) − 13δIJDKα LK = 0
∣∣∣∣∣∣∣∣∣∣
(1.4)
6The 3D N = 2 supercurrents were studied in [35, 36].
7Using the harmonic superspace techniques [40], one may derive the N = 3 and N = 4 prepotentials
by generalising the 4D N = 2 analysis of [25].
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In the N = 4 case, there are two inequivalent flavour current multiplets, LIJ+ and LIJ− .
Each of them is described by a primary antisymmetric dimension-1 superfield, LIJ =
−LJI , which obeys the conservation equation
DIαL
JK = D[IαL
JK] − 2
3
DLαL
L[JδK]I . (1.5)
What differs between the two flavour current multiplets, LIJ+ and L
IJ
− , is that they are
subject to different self-duality constraints
1
2
εIJKLLKL± = ±LIJ± . (1.6)
The above results naturally follow from the known structure of unconstrained prepoten-
tials for the N -extended vector multiplets given in the following publications: [41, 37] for
N = 1, [41, 42, 38] for N = 2, [43] for N = 3 and [44, 45] for N = 4.
The general group-theoretic formalism to construct the two- and three-point functions
of primary superfields in 3D N -extended Minkowski superspace was developed by Park
[46], as a natural extension of earlier 4D [27, 47] and 6D [48] constructions. Instead, we
will re-derive the two- and three-point superconformal building blocks, originally given in
[46], by making use of the 3D N -extended supertwistor construction of [49]. Such a re-
formulation makes it possible to apply the formalism for computing correlation functions
on more general (conformally flat) superspaces than the standard Minkowski superspace
used in [46].
In this paper we study the correlation functions of conserved current multiplets in
superconformal field theories with N ≤ 3, while the case N > 3 will be considered
elsewhere. The main outcomes of our study are as follows: For N ≤ 3, the three-point
function of the supercurrent is determined by a single functional form consistent with the
conservation equation and all the symmetry properties. The same conclusion holds for
the three-point function of flavour current multiplets in the N = 1 and N = 3 cases.
As concerns the N = 2 case, two independent structures are allowed for the three-point
function of flavour current multiplets, but only one of them contributes to the three-
point function of the conserved currents contained in these multiplets. Thus the 3D
superconformal story is analogous to that in 2D conformal field theory.
In 3D N = 2 superconformal field theories, of special importance are contact terms of
the supercurrent and conserved current multiplets [50]. Such contributions to correlation
functions are associated with certain Chern-Simons terms for background fields. In this
paper, we will concentrate on studying the correlation functions at distinct points where
the contact terms do not contribute.
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Before we turn to the technical aspects of this paper, it is worth discussing one more
conceptual issue: the symmetry structure of extended supersymmetric field theories from
the point of view of “less extended” supersymmetry. Every N -extended superconfor-
mal field theory is a special theory with (N − 1)-extended superconformal symmetry.
It is worth elucidating the structure of (N − 1)-extended supermultiplets contained in
the N -extended supercurrent or flavour current multiplet. To uncover this, we split the
Grassmann coordinates θαI of N -extended Minkowski superspace M3|2N onto two sub-
sets: (i) the coordinated θα
Iˆ
, with Iˆ = 1, . . . ,N − 1, corresponding to (N − 1)-extended
Minkowski superspace M3|2(N−1); and (ii) two additional coordinates θαN . The correspond-
ing splitting of the spinor derivatives DIα is D
Iˆ
α and D
N
α . Given a superfield V on M
3|2N ,
its bar-projection onto M3|2(N−1) is defined by V | := V |θN=0.
Consider the N = 2 case. The spinor covariant derivatives DIˆα and DNα introduced
above, now become Dα and D
2
α respectively. The supercurrent Jαβ leads to the following
N = 1 supermultiplets:
Sαβ := Jαβ| , DαSαβ = 0 ; (1.7a)
Jαβγ := iD
2
(αJβγ)| ; DαJαβγ = 0 . (1.7b)
Here Jαβγ is the N = 1 supercurrent, while the additional superfield Sαβ contains the
U(1) R-symmetry current (the θ-independent component of Sαβ) and the second super-
symmetry current (the top component of Sαβ).
The N = 3 supercurrent Jα leads to the following N = 2 supermultiplets:
Rα := Jα| , DIˆαRα = 0 ; (1.8a)
Jαβ := D
3
(αJβ)| , DIˆαJαβ = 0 . (1.8b)
Here Jαβ is the N = 2 supercurrent, while Rα contains the third supersymmetry current
and two R-symmetry currents corresponding to SO(3)/SO(2).
Next, the N = 4 supercurrent J contains the following N = 3 supermultiplets:
S := J | , (DIˆαDJˆα −
1
3
δIˆJˆDKˆαDKˆα )S = 0 ; (1.9a)
Jα := iD
4
αJ | , DIˆαJα = 0 . (1.9b)
Here Jα is the N = 3 supercurrent, while S contains the fourth supersymmetry current
and three R-symmetry currents corresponding to SO(4)/SO(3). Upon reduction to N = 2
superspace, the scalar S generates two primary N = 2 superfields: (i) the scalar S|θ2=0,
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which is an N = 2 flavour current multiplet; and (ii) the spinor D3αS|θ2=0, which is of the
type (1.8a).
Finally, we just mention the N → (N−1) decomposition of flavour current multiplets.
The N = 2 multiplet L leads to the following N = 1 real supermultiplets:
S := L| ; (1.10a)
Lα := iD
2
αL| ; DαLα = 0 . (1.10b)
Here Lα is an N = 1 flavour current multiplet, and the real scalar S is unconstrained.
The N = 3 multiplet LI leads to an N = 2 flavour current multiplet L and a chiral scalar.
Therefore, if one studies N -extended superconformal field theories in (N−1)-extended
superspace, it is not sufficient to analyse the correlation functions of those currents which
correspond to the manifestly realised symmetries.
There is a remarkable difference between superconformal field theories and ordinary
conformal ones in diverse dimensions. For the action of the conformal group on (com-
pactified) Minkowski space, there is no conformal invariant of three points. The situation
is different in superspace. On (compactified) Minkowski superspace, the superconfor-
mal group does not act transitively on the set consisting of triples of distinct superspace
points. As a result, there exist nilpotent superconformal invariants of three points. Such
invariants have been constructed by Park in diverse dimensions [51, 46, 47, 48].
This paper is organised as follows. Following [49], in section 2 we review the super-
twistor construction ofN -extended compactified Minkowski superspaceM3|2N . Minkowski
superspace M3|2N originates as a dense open subset of M3|2N . It is shown that M3|2N is a
homogeneous space for the superconformal group OSp(N|4,R), while only the infinites-
imal superconformal transformations are well defined on M3|2N . Section 3 describes a
different isomorphic realisation for OSp(N|4,R). Using this realisation, we construct a
global supermatrix parametrisation of M3|2N as well as a smooth metric on M3|2N , which
only scales under the superconformal transformations. The supertwistor formalism is
used in section 4 to derive all building blocks in terms of which the two- and three-point
functions of primary superfields are constructed. The general structure of the two- and
three-point functions of primary superfields is described in section 5 following [46]. The
two- and three-point functions for the supercurrent and flavour current multiplets in su-
perconformal field theories with N = 1, N = 2 and N = 3 are computed in sections 6, 7
and 8 respectively. Concluding comments are given in section 9.
We have also included several technical appendices. Appendix A gives a summary
of our 3D notation and conventions. Appendix B is devoted to the correlation functions
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involving (anti)chiral superfields. Appendix C is concerned with the N = 2 → N = 1
superspace reduction of the three-point functions for the N = 2 supercurrent and flavour
current multiplets. In Appendix D we reduce to components the three-point function for
N = 1 flavour current multiplets.
2 Supertwistor construction
In this section we describe the supertwistor construction of N -extended compactified
Minkowski superspace. Our presentation mostly follows the construction given in [49] and
inspired by [52] (see also [53]).
2.1 Supertwistors and the superconformal group
In three spacetime dimensions, theN -extended superconformal group8 is OSp(N|4;R).
It naturally acts on the space of real even supertwistors and on the space of real odd
supertwistors.
An arbitrary supertwistor is a column vector
T = (TA) =
(
Tαˆ
TI
)
, (Tαˆ) =
(
fα
gβ
)
, α, β = 1, 2 , I = 1, . . . ,N . (2.1)
In the case of even supertwistors, Tαˆ is bosonic and TI is fermionic. In the case of odd
supertwistors, Tαˆ is fermionic while TI is bosonic. The even and odd supertwistors are
called pure. We introduce the parity function ε(T ) defined as: ε(T ) = 0 if T is even, and
ε(T ) = 1 if T is odd. It is also useful to define
εA =
{
0 A = αˆ
1 A = I
.
Then the components TA of a pure supertwistor have the following Grassmann parities
ε(TA) = ε(T ) + εA (mod 2) . (2.2)
A pure supertwistor is said to be real if its components obey the reality condition
TA = (−1)ε(T )εA+εATA . (2.3)
8This supergroup was denoted OSp(N|2,R) in [49].
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The space of complex (real) even supertwistors is naturally identified with C4|N (R4|N ),
while the space of complex (real) odd supertwistors may be identified with CN|4 (RN|4).
Introduce a graded antisymmetric supermatrix
J = (JAB) =
(
J 0
0 i1N
)
, J =
(
J αˆβˆ
)
=
(
0 12
−12 0
)
, (2.4)
where 1N denotes the unit N × N matrix. With the aid of J, we may define a graded
symplectic inner product on the space of pure supertwistors by the rule: for arbitrary
pure supertwistors T and S, the inner product is
〈T |S〉J := T sTJS , (2.5)
where the row vector T sT is defined by
T sT :=
(
Tαˆ,−(−1)ε(T )TI
)
= (TA(−1)ε(T )εA+εA) (2.6)
and is called the super-transpose of T . The above inner product has the following sym-
metry property
〈T1|T2〉J = −(−1)ε1ε2〈T2|T1〉J , (2.7)
where εi stands for the Grassmann parity of Ti. If T and S are real supertwistors, then
applying the complex conjugation gives
〈T |S〉J = −〈S|T 〉J . (2.8)
By definition, the supergroup OSp(N|4;C) consists of those even (4|N ) × (4|N ) su-
permatrices
g = (gA
B) , ε(gA
B) = εA + εB , (2.9)
which preserve the inner product (2.5) under the action
T = (TA) → gT = (gABTB) . (2.10)
Such a transformation maps the space of even (odd) supertwistors onto itself. The con-
dition of invariance of the inner product (2.5) under (2.10) is
gsTJ g = J , (gsT)AB := (−1)εAεB+εBgBA . (2.11)
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The subgroup OSp(N|4;R) ⊂ OSp(N|4;C) consists of those transformations which pre-
serve the reality condition (2.3),
TA = (−1)ε(T )εA+εATA −→ (gT )A = (−1)ε(T )εA+εA(gT )A . (2.12a)
This is equivalent to
gAB = (−1)εAεB+εAgAB ⇐⇒ g† = gsT . (2.12b)
In conjunction with (2.11), this reality condition is equivalent to
g†J g = J . (2.12c)
A dual supertwistor
Z = (ZA) =
(
Z αˆ, ZI
)
(2.13)
is a row vector that transforms under OSp(N|4;R) such that ZATA is invariant for every
supertwistor T ,
Z → Z ′ = Zg−1 , g ∈ OSp(N|4;R) . (2.14)
A dual supertwistor Z is even (odd) if ZATA is a c-number for every even (odd) super-
twistor T . Given a pure dual supertwistor Z, its super-transpose ZsT will be defined to
be the following column vector
(ZsT)A := (−1)ε(Z)εA+ε(Z)ZA , (2.15)
such that ZATA = (T
sT)A(Z
sT)A.
The superconformal algebra osp(N|4;R) consists of real supermatrices Ω obeying the
master equation
ΩsTJ+ JΩ = 0 . (2.16)
The general solution of this equation is
Ω =
λ−
1
2
σ12 bˇ
√
2ηˇT
−aˆ −λT + 1
2
σ12 −
√
2ǫˆT
i
√
2 ǫˆ i
√
2 ηˇ Λ

≡
λα
β − 1
2
σδα
β bαβ
√
2ηαJ
−aαβ −λαβ + 12σδαβ −
√
2ǫαJ
i
√
2 ǫI
β i
√
2 ηIβ ΛIJ
 , (2.17)
λα
α = 0 , aαβ = aβα , bαβ = bβα , ΛIJ = −ΛJI .
The bosonic parameters λα
β, σ, aαβ , b
αβ and ΛIJ , as well as the fermionic parameters
ǫαI ≡ ǫIα and ηαI ≡ ηIα in (2.17) are real.
11
2.2 Compactified Minkowski superspace
In accordance with [49], the compactified N -extended Minkowski superspace M3|2N is
defined to be the set of all Lagrangian subspaces of R4|N , the space of real even super-
twistors. We recall that a Lagrangian subspace of R4|N is a maximal isotropic subspace
of R4|N . By definition, such a subspace is spanned by two even supertwistors T µ with the
properties that (i) the bodies of T 1 and T 2 are linearly independent; (ii) they obey the
null condition
〈T 1|T 2〉J = 0 ; (2.18)
(iii) they are defined only modulo the equivalence relation
{T µ} ∼ {T˜ µ} , T˜ µ = T ν Ξνµ , Ξ ∈ GL(2,R) . (2.19)
Equivalently, the space M3|2N can be defined to consist of rank-two supermatrices of the
form
P = (T 1 T 2) =
 FG
iΥ
 , GTF = FTG+ iΥTΥ , (2.20)
which are defined modulo the equivalence relation
P =
 FG
iΥ
 ∼
 F ΞGΞ
iΥΞ
 = PΞ , Ξ ∈ GL(2,R) . (2.21)
Here F and G are 2 × 2 real bosonic matrices, and Υ is a N × 2 real fermionic matrix.
The null condition (2.18) can be rewritten as
PsTJP = 0 . (2.22)
It may be shown that the superconformal group OSp(N|4;R) acts transitively on the
compactified Minkowski superspace. Thus M3|2N can be identified with the coset space
OSp(N|4;R)/GP0, where GP0 denotes the isotropy group at a given two-plane P0 ∈M3|2N .
2.3 Minkowski superspace
As discussed in [49], Minkowski superspaceM3|2N is identified with a dense open subset
UF of M
3|2N spanned by supermatrices (2.20) under the condition
detF 6= 0 . (2.23)
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Every null two-plane in M3|2N may be described by a supermatrix of the form
P ∼

12
−xˆ
i
√
2θˆ
 =

δα
β
−xαβ
i
√
2θI
β
 ≡ P(z) , (2.24)
where the real matrix xˆ is constrained by
xˆ− xˆT = 2iθˆTθˆ =⇒ xαβ = xαβ + iθIαθIβ , xαβ = xβα . (2.25)
The points of M3|2N are naturally parametrised by the variables zA = (xa, θαI ).
Given a group element g ∈ OSp(N|4;R), its action P → gP on the two-plane P(z) ∈
M3|2N can be represented as
g

12
−xˆ
i
√
2 θˆ
 =

12
−xˆ′
i
√
2 θˆ′
Ξ(g; z) , Ξ(g; z) ∈ GL(2,R) (2.26)
provided the transformed two-plane, gP(z), belongs to M3|2N . In general, this property
holds only locally, since Ξ(g; z) may become singular for certain group elements g (special
conformal transformations) and some spacetime points x.
Let us consider an infinitesimal superconformal transformation, g = 1+ κΩ, where κ
is an infinitesimal parameter and Ω is given by (2.17). Then from (2.26) we derive
δxˆ = aˆ− λTxˆ− xˆλ+ σxˆ+ xˆbˇ xˆ+ 2i ǫˆTθˆ − 2i xˆηˇTθˆ , (2.27a)
δθˆ = ǫˆ− θˆλ+ 1
2
σθˆ + Λθˆ + θˆbˇxˆ− ηˇxˆ− 2i θˆ ηˇTθˆ . (2.27b)
We see that the matrix elements in (2.17) correspond to a Lorentz transformation (λα
β),
spacetime translation (aαβ), special conformal transformation (bαβ), dilatation (σ), Q-
supersymmetry (ǫI
β), S-supersymmetry (ηIβ) and R-symmetry transformation (ΛIJ).
As pointed out in the previous subsection, M3|2N can be identified with the homoge-
neous space OSp(N|4;R)/GP0, where GP0 denotes the isotropy group at a given two-plane
P0 ∈M3|2N . Consider a special null two-plane P0 ∈M3|2N which corresponds to the origin
of M3|2N , that is P0 = P(z = 0). Its isotropy group GP0 is the subgroup of OSp(N|4;R)
generated by supermatrices (2.17) of the form:
ω =
λ−
1
2
σ12 bˇ
√
2ηˇT
0 −λT + 1
2
σ12 0
0 i
√
2 ηˇ Λ
 . (2.28)
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The isotropy group GP0 consists of the followings supermatricesA Abˇ
√
2AηˇT
0 (A−1)T 0
0 i
√
2Rηˇ R
 , A ∈ GL(2,R) , R ∈ O(N ) , (2.29a)
where the 2× 2 matrix bˇ is constrained by
bˇ− bˇT = 2iηˇTηˇ =⇒ bαβ = bαβ + iηIαηIβ , bαβ = bβα . (2.29b)
As follows from (2.29), GP0 includes space reflections. Choosing i = 1 or i = 3, let us
consider the following element of GP0 :
gi =
 σi 0 00 σi 0
0 0 1N
 , (2.30)
with σi being the i-th Pauli matrix, det σi = −1. Associated with this group element is
the transformation on M3|2N
Pi : xˆ
′ = σixˆσi , θˆ
′ = θˆσi , (2.31)
which is a reflection about one of the coordinate axes in two-space.
It is also seen from (2.29) that GP0 includes arbitrary R-symmetry transformations
from the group O(N ) and not necessarily from its connected component of the identity,
SO(N ), as discussed by [46].
A complement of the subalgebra (2.28) in osp(N|4;R) generates a subgroup of the
superconformal group consisting of all supermatrices of the form:
s(a, ǫ) =
 12 0 0−aˆ 12 −√2ǫˆT
i
√
2 ǫˆ 0 1N
 , aˆ = aˆ+ iǫˆTǫˆ . (2.32)
Such a supermatrix describes a spacetime translation (ǫ = 0) and a Q-supersymmetry
transformation (a = 0) when acting on M3|2N .
The N -extended Minkowski superspace can be also realised as a homogeneous space.
The standard realisation is
M
3|2N = P(3|N )/SL(2,R) , (2.33)
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where P(3|N ) denotes the N -extended super-Poincare´ group and SL(2,R) the spin group
in three spacetime dimensions. Every group element g ∈ P(3|N ) can uniquely be repre-
sented in the form g = s(a, ǫ) h(M), where
h(M) =
M 0 00 (M−1)T 0
0 0 1N
 , M ∈ SL(2,R) . (2.34)
Here the supermatrix h(M) describes a Lorentz transformation. The points of M3|2N can
be parametrised by the following coset representative
s(z) := s(x, θ) =
 12 0 0−xˆ 12 −√2θˆT
i
√
2 θˆ 0 1N
 . (2.35)
The Q-supersymmetry transformation s(0, ǫ) acts on M3|2N according to the law
s(z)→ s(z′) = s(0, ǫ)s(z), and thus
x′αβ = xαβ + i(ǫαI θ
β
I + ǫ
β
I θ
α
I ) , θ
′α
I = θ
α
I + ǫ
α
I . (2.36)
These results can be rewritten as
z′A = zA − i ǫβJQJβ zA , (2.37)
where we have introduced the supersymmetry generators
QIα = i
∂
∂θαI
+ (γm)αβ θ
β
I ∂m = i
∂
∂θαI
+ θβI ∂βα . (2.38)
From here we immediately read off the spinor covariant derivatives
DIα =
∂
∂θαI
+ i(γm)αβ θ
β
I ∂m =
∂
∂θαI
+ iθβI ∂βα , (2.39a)
which anti-commute with the supercharges, {DIα, QJβ} = 0, and obey the anti-commutation
relations {
DIα, D
J
β
}
= 2i δIJ(γm)αβ ∂m . (2.39b)
We introduce the 3D extension of the Volkov-Akulov supersymmetric one-form [58, 59]
eˆ = dxˆ− 2iθˆTdθˆ = dxˆ+ idθˆTθˆ − iθˆTdθˆ , eˆT = eˆ . (2.40)
It is obviously invariant under the Q-supersymmetry transformation (2.36).
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2.4 Twin Minkowski superspace
The chart UF , which we have identified with Minkowski superspace, does not cover
M3|2N . Another dense open subset UG of M
3|2N consists of those supermatrices (2.20)
which are characterised by
detG 6= 0 . (2.41)
Every null two-plane in UG may be described by a supermatrix of the form
P ∼
 yˇ12
i
√
2ρˇ
 =

yαβ
δαβ
i
√
2ρIβ
 , (2.42)
where the real 2× 2 matrix yˇ is constrained by
yˇ − yˇT = 2iρˇTρˇ ⇐⇒ yαβ = yαβ + iρIαρIβ , yαβ = yβα . (2.43)
One may think of UG as a twin of UF obtained by replacing the spacetime transla-
tions and Q-supersymmetry transformations with the special conformal boosts and S-
supersymmetry transformations, respectively. The two-plane P0, which is the origin of
UF , is replaced with P∞ corresponding to yαβ = 0 and ρIα = 0, the origin of UG. The
two-plane P∞ is an infinitely separated point from the viewpoint of UF . The isotropy
group P∞, denoted GP∞ , consists of the following supermatrices A 0 0−(A−1)Taˆ (A−1)T −√2(A−1)TθˆT
i
√
2Rθˆ 0 R
 , A ∈ GL(2,R) , R ∈ O(N ) , (2.44)
where aˆ is defined in (2.32). The following one-form
eˇM = dyˇ − 2iρˇTdρˇ , eˇTM = eˇM (2.45)
is invariant under the S-supersymmetry transformations.
In the intersection of the two charts introduced, UF
⋂
UG, the transition functions are
yˇ = −xˆ−1 , ρˇ = −θˆxˆ−1 . (2.46)
The one-forms (2.40) and (2.45) are related to each other by the rule
eˆ = (yˇT)−1eˇMyˇ
−1 . (2.47)
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The charts UF and UG are mapped onto each other by the superconformal transformation(
−J 0
0 1N
)
∈ OSp(N|4;R) , (2.48)
where the matrix J is defined by (2.4).
The two charts UF and UG do not cover the compactified Minkowski superspace.
It may be shown [49] that the bosonic body of M3|2N \ {UF
⋃
UG} is topologically S1.
Additional charts are required if we are interested in the global description of M3|2N .
Instead of introducing such additional charts, there is actually a better way out. It turns
out that there exists an isomorphic realisation for OSp(N|4;R) that is ideally suited for
a global description of M3|2N . It will be presented in the next section.
2.5 Alternative definition of compactified Minkowski superspace
We would like to introduce one more refinement of the formalism that will be rather
useful for the discussion in next sections. Following [49], we have defined the compactified
N -extended Minkowski superspace to be the space of null two-planes (through the origin)
in R4|N . However, every two-plane in R4|N is a real two-plane in C4|N , the space of complex
even supertwistors. A two-plane in C4|N is described by a supermatrix P = (T1, T2),
where the supertwistors T1 and T2 constitute a basis of the two-plane. This supermatrix
is defined modulo the equivalence relation
P ∼ PΞ , Ξ ∈ GL(2,C) . (2.49)
The equivalent supermatrices define the same two-plane. A two-plane P in C4|N is said to
be real if it possesses a basis P0 consisting of real supertwistors, which means P†0 = PsT0 .
Given an arbitrary basis P of the real two-plane, it holds that P = P0Ξ, for some
nonsingular matrix Ξ, and hence P† ∼ PsT. We will adopt this new point of view in what
follows. It allows us to define the compactified N -extended Minkowski superspace M3|2N
to be the space of all real Lagrangian subspaces of C4|N , the space of even supertwistors.
3 Pseudo-unitary realisation of OSp(N|4;R)
In this section we present a different isomorphic realisation for the superconformal
group, which allows us to construct (i) a global supermatrix parametrisation of M3|2N ;
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and (ii) a globally defined smooth metric, ds2, on M3|2N with the property that ds2 only
scales under the superconformal transformations. The crucial feature of this realisation
is that it is suitable for developing superconformal field theory on 3D spacetimes more
general than Minkowski space, such as S1 × S2 and its universal covering space R× S2.
Our results in this section are analogous to those for the supersphere S3|4n [54].
3.1 Algebraic aspects
The superconformal group possesses an alternative realisation based on the isomor-
phism
OSp(N|4;R) ∼= U(2, 2|N )
⋂
OSp(N|4;C) . (3.1)
Here the supergroup on the right consists of all even (4|N ) × (4|N ) supermatrices g
constrained by
g†Ig = I , (3.2a)
gsTJ g = J , (3.2b)
where we have introduced
I =
(
I 0
0 −1N
)
, I =
(
12 0
0 −12
)
. (3.3)
The condition (3.2a) defines the supergroup U(2, 2|N ). It should be pointed out that
for N 6= 4 the supergroup SU(2, 2|N ) is the N -extended superconformal group in four
spacetime dimensions, as defined in [25] (PSU(2, 2|4) in the N = 4 case). In what follows,
the supergroup on the right of (3.1) will be denoted OSp(N|4;R)U .
The proof of (3.1) is based on considering the following correspondence
g → g := UgU−1 , g ∈ OSp(N|4;R) , (3.4a)
T → T := UT , (3.4b)
Z → Z := ZU−1 , (3.4c)
for every supertwistor T and dual supertwistor Z. Here the supermatrix U is defined by
U =
(
U 0
0 1N
)
, U =
1√
2
(
12 i12
i12 12
)
= UT . (3.5)
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The symmetric 4 × 4 matrix U is unitary, U †U = UU = 14, and symplectic, UJU = J .
Another important property is UJU−1 = −iI. These properties have obvious counterparts
in terms of U:
U
†
U = 14|N , UJU = J , UJU
−1 = −iI . (3.6)
Of special importance for us will be the identity
U
−2
I = iJ . (3.7)
The above properties of U imply that g defined by (3.4a) obeys the conditions (3.2), and
hence g ∈ OSp(N|4;R)U , for every g ∈ OSp(N|4;R), and vice versa.
Associated with the supergroup OSp(N|4;R)U are two invariant inner products defined
as follows:
〈T |S〉J := T sTJS , (3.8a)
〈T |S〉I := T †IS , (3.8b)
for arbitrary pure supertwistors T and S.
An important feature of the supergroup OSp(N|4;R)U is that one can define an invo-
lution ⋆ that acts on the space of supertwistors and commutes with the superconformal
transformations. Associated with a pure supertwistor T is its star-image, ⋆T , defined by
T †I = (⋆T )sTJ . (3.9)
Explicitly the map ⋆ acts as follows:
T =
 fg
ψ
 −→ ⋆T = −

g¯
f¯
(−1)ε(T )ψ¯
 . (3.10)
This shows that ⋆(⋆T ) = T , for every supertwistor T .
3.2 Compactified Minkowski superspace
Let us see how the compactified Minkowski superspace is described within the super-
group realisation introduced above. The null two-plane P ∈ M3|2N turns into P = UP.
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Since P obeys the null condition PsTJP = 0 and is real, P† = PsT, the two-plane P
enjoys the two null conditions
P†IP = 0 , (3.11a)
P sTJP = 0 . (3.11b)
The reality condition P† = PsT turns into
P† = PsTU−2 . (3.12)
It may be seen that this reality condition preserves its form only under the real equivalence
transformations
P ∼ PΞ , Ξ ∈ GL(2,R) . (3.13)
However, making use of the identities (3.6) and (3.7), it may be rewritten in a different
but equivalent form
⋆ P ∼ P , (3.14)
which does not change its form under arbitrary complex equivalent transformations
P ∼ PΞ , Ξ ∈ GL(2,C) , (3.15)
see subsection 2.5. Thus, the compactified N -extended Minkowski superspace M3|2N is
equivalently defined as the set of all two-planes in the space of even supertwistors C4|N
which obey (i) the null conditions (3.11); and (ii) the reality condition (3.14).
We can represent
P =
FG
Λ
 , (3.16)
where F and G are bosonic 2×2 matrices, and the remaining N ×2 matrix Λ is fermionic.
Then the null condition (3.11a) tells us that
F †F −G†G = Λ†Λ . (3.17)
In conjunction with the fact that the supermatrix P has rank two, this condition implies
that detF 6= 0 and detG 6= 0, see [52] for the proof. As a result, making use of the
equivalence relation (3.15) allows us to bring every two-plane P ∈M3|2N to the form
P ∼
 h12
ζ
 . (3.18)
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Now, the null conditions (3.11a) and (3.11b) turn into
h†h− 12 = ζ†ζ , (3.19a)
hT − h = iζTζ . (3.19b)
Moreover, the reality condition (3.14) gives
h¯ = h−1 , (3.20a)
ζ¯ = −iζh−1 . (3.20b)
The relations (3.18 – 3.20) provide a global supermatrix parametrisation of M
3|2N
.
Consider the bosonic body M
3
of compactified Minkowski superspace M
3|2N
, which is
obtained by switching off the Grassmann variables ζ and is described by a 2 × 2 matrix
h defined by h := h|ζ=0. As follows from (3.19), its properties are h†h = 12 and hT = h.
The general solution of these constraints is
h = eiϕ
(
a12 + ibσ1 + icσ3
)
, a2 + b2 + c2 = 1 , (3.21)
for real parameters ϕ and a, b, c parametrising, respectively, S1 and S2. We also have
eiϕ
(
a12 + ibσ1 + icσ3
)
= ei(ϕ+π)
(
− a12 − ibσ1 − icσ3
)
,
and thus compactified Minkowski space M
3
is (S1 × S2)/Z2.
3.3 Superconformal metric
As shown in the previous subsection, every null two-plane P ∈ M3|2N is uniquely
represented in the form (3.18) for some matrices h and ζ constrained according to (3.19)
and (3.20). This means that, given a group element g ∈ OSp(N|4;R)U , it acts on P as
g
 h12
ζ
 =
 h
′
12
ζ ′
ϕ(g,h, ζ) , ϕ(g,h, ζ) ∈ GL(2,C) , (3.22)
for some nonsingular matrix ϕ(g,h, ζ). Explicitly, if we represent g in the block form
g =
A B γC D δ
λ ρ R
 ∈ OSp(N|4;R)U , (3.23)
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then h′ and ζ ′ are seen to be fractional linear functions of h and ζ ,
h′ = (Ah+B + γζ)(Ch+D + δζ)−1 , (3.24a)
ζ ′ = (λh+ ρ+Rζ)(Ch+D + δζ)−1 , (3.24b)
and ϕ(g,h, ζ) = Ch+D + δζ . By construction, ϕ(g,h, ζ) is nonsingular for every group
element g ∈ OSp(N|4;R)U .
Cartan’s one-form
E := P†IdP = h†dh− ζ†dζ , E † = −E (3.25)
takes its values in the superalgebra osp(N|4;R)U and possesses the superconformal trans-
formation law
E → E ′ = (ϕ†)−1Eϕ−1 , (3.26)
where the shorthand notation ϕ = ϕ(g,h, ζ) has been used. We can introduce a super-
interval
ds2 :=
1
4
det E , (3.27)
which is a globally defined tensor field over M
3|2N
. It follows from (3.26) that ds2 only
scales under the superconformal transformations,
ds2 → ds2| detϕ|−2 . (3.28)
In the Minkowski chart, it may be seen that the variables h and ζ are expressed in
terms of the superspace coordinates as
h = −i(12 − ixˆ)(12 + ixˆ)−1 , ζ = 2θ(12 + ixˆ)−1 . (3.29)
A direct calculation of E gives the following expression:
E = −2i(12 − ixˆT)−1eˆ (12 + ixˆ)−1 , (3.30)
where eˆ is the supersymmetric one-form (2.40).
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3.4 Pseudo inversion
Consider a particular superconformal transformation
F =
σ2 0 00 −σ2 0
0 0 1N
 ∈ OSp(N|4;R)U , F2 = 14|N , (3.31)
where σ2 is the second Pauli matrix. It acts on M
3|2N
as follows
h′ = −σ2hσ2 , ζ ′ = −ζσ2 . (3.32)
In the real realisation of the superconformal group, the supermatrix (3.31) turns into
F = U−1FU =
 0 −ε 0−ε−1 0 0
0 0 1N
 ∈ OSp(N|4;R) , ε := (εαβ) = −iσ2 . (3.33)
Its action on the two-plane P(z) defined by (2.24) is
FP(z) =

12
ε−1xˆ−1ε−1
i
√
2θˆxˆ−1ε−1
Ξ(z) = P(z′)Ξ(z) , Ξ(z) := εxˆ . (3.34)
This leads to
xˆ
′ = −xˇ−1 , θˆ′ = θˇxˇ−1 (3.35a)
or, equivalently,
xˇ′ = −xˆ−1 , θˇ′ = −θˆxˆ−1 . (3.35b)
Let g = 1 + κΩ be an infinitesimal superconformal transformation, where κ is an
infinitesimal parameter and Ω is an arbitrary element of the superconformal algebra
osp(N|4;R) given by (2.17). In Minkowski superspace, its action is given by eq. (2.27).
It is an instructive exercise to check that the transformation F(1 + κΩ)F generates the
following infinitesimal transformation:
δxˇ = bˇ+ λxˇ+ xˇλT − σxˇ+ xˇaˆ xˇ+ 2i ηˇTθˇ + 2i xˇǫˆTθˇ , (3.36a)
δθˇ = ηˇ + θˇλT − 1
2
σθˇ + Λθˇ + θˇaˆxˇ+ ǫˆxˇ+ 2i θˇ ǫˆTθˇ . (3.36b)
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As compared with g = 1 + κΩ, the transformation F(1 + κΩ)F swaps the space-
time translations and special conformal boosts, as well as the Q-supersymmetry and
S-supersymmetry transformations. It also changes the sign of the scale parameter σ.
The transformation F has properties analogous to those of the superinversion (i.e.,
a supersymmetric extension of the conformal inversion), see e.g. [19] for the 4D case.
However, the restriction of F to compactified Minkowski space is a transformation that
belongs to the connected component of the identity of the conformal group, and thus it
differs from the 3D conformal inversion
xˆ′ = xˇ−1 , (3.37)
which belongs to the other component of the conformal group. This is why it is appropriate
to call F “pseudo inversion.” The transformation (3.35) was called “superinversion” in
[46]. Our consideration shows that this terminology is somewhat misleading. An extension
of conformal inversion (3.37) is unclear to us.
3.5 Fibre bundles over compactified Minkowski superspace
Fibre bundles over M
3|2N
, such as compactified harmonic/projective superspaces in
three spacetime dimensions [49], can be obtained by generalising the construction of sub-
section 3.2 to include odd supertwistors.9 Odd supertwistors are destined to parametrise
fibres over M
3|2N
. In the unitary realisation of the superconformal group, given an odd
supertwistor Σ, it is defined by the following two conditions:
• it is orthogonal to the even supertwistors T µ which form a basis of the null two-plane
P ∈M3|2N , with respect to the inner products (3.8a) and (3.8b),
〈T µ|Σ〉J = 0 , 〈T µ|Σ〉I = 0 ; (3.38)
• it is defined modulo the equivalence relation
Σ ∼ Σ + T µaµ , (3.39)
for arbitrary a-numbers aµ (i.e. odd elements of the Grassmann algebra).
9Our approach here is inspired by the construction of compactified harmonic/projective superspaces
with Lorentzian signature given in [52, 49, 53, 54]. These papers built on earlier works [55, 56, 57].
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If the null two-plane P is chosen in the form (3.18), then imposing the first null
condition (3.38) and making use of the equivalence relation (3.39), the odd supertwistor
may be brought to the form
Σ =
−iζ
Tv
0
v
 , (3.40)
with v = (vI) being a bosonic N -vector. Here we have used the reality conditions (3.20).
It is important to point out that the second null condition (3.38) also leads to the same
explicit expression (3.40) for Σ. Thus the space of odd supertwistors at P may be identified
with CN .
As simple examples of fibre bundles over M
3|2N
, we can consider odd supertwistor
Grassmannians G(m,N ), where m may take values from 1 to N . By definition, the
points of G(m,N ) are described by m odd supertwistors Σi, with i = 1, . . . , m, such that
(i) the bodies of Σi are linearly independent; and (ii) the supertwistors Σi are defined
modulo the equivalence relation
Σi ∼ ΣjDj i , D ∈ GL(m,C) . (3.41)
In this paper, we are mostly interested in the m = N case, for which Σi may be chosen
in the form:
O = (Σ1, . . . ,ΣN ) =
−iζ
T
0
1N
 . (3.42)
In the remainder of the paper, we use the real realisation of the superconformal group
described in section 2.1. In this realisation, only one of the two null conditions (3.38)
remains,
〈T µ|Σ〉J = 0 . (3.43)
We recall that for every point z in Minkowski superspace, the supermatrix P = (T 1, T 2)
can be chosen as
P(z) =

12
−xˆ
i
√
2θˆ
 , xˆ = xˆ+ iθˆTθˆ . (3.44)
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Therefore, instead of the representation (3.40), now every odd supertwistor Σ from the
fibre at P(z) can be brought to the form:
Σ =

0
−√2θˆTv
v
 . (3.45)
Finally, the expression (3.42) turns into
O(z) = (Σ1, . . . ,ΣN ) =

0
−√2θˆT
1N
 . (3.46)
4 Two-point and three-point building blocks
Here we derive those two- and three-point functions of superspace coordinates which
are building blocks for the correlation functions of primary superfields. An alternative
derivation was given by Park [46].
As is seen from (3.44) and (3.46), the coset representative s(z), defined by (2.35),
is built from the supermatrices corresponding to the even two-plane P(z) and the odd
N -plane O(z) according to the rule
s(z) =
(
P(z), P∞, O(z)
)
, P∞ =
 012
0
 . (4.1)
Here P∞ denotes the null two-plane corresponding to the origin of the chart UG ⊂M3|2N ,
see subsection 2.4. The two-plane P∞ is an infinitely separated point from the viewpoint
of an observer living in Minkowski superspace.
4.1 Infinitesimal superconformal transformations
For our subsequent analysis, it is advantageous to recast the superconformal trans-
formation laws of P(z) and O(z) in terms of the coset representative (4.1). Before dis-
cussing the transformation of s(z), we first point out that the infinitesimal transformation
zA → zA + δzA, with δzA given by (2.27), can be rewritten as
δzA = ξzA ⇐⇒ δxa = ξa + i ξαI (γa)αβθβI , δθαI = ξαI , (4.2)
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where ξ denotes a first-order differential operator
ξ = ξA(z)DA = ξ
a∂a + ξ
α
ID
I
α = −
1
2
ξαβ∂αβ + ξ
α
ID
I
α . (4.3)
The components of this operator are as follows:
ξαβ = aαβ − λαγxγβ − xαγλγβ + σxαβ + 4iǫ(αI θβ)I + 2iΛIJθαJθβI + xαγxβδbγδ
+ib
(α
δ x
β)δθ2 − 1
4
bαβθ2θ2 − 4iηIγxγ(αθβ)I + 2η(αI θβ)I θ2 , (4.4a)
ξαI = ǫ
α
I − λαβθβI +
1
2
σθαI + ΛIJθ
α
J + bβγx
βαθγI + ηJβ(2iθ
β
I θ
α
J − δIJxβα) . (4.4b)
Following the terminology of [19], the supervector field ξ is called a conformal Killing
supervector field. It may equivalently be defined [49] as the most general solution to the
equation [ξ,DIα] ∝ DJβ , and therefore
[ξ,DIα] = −(DIαξβJ )DJβ = λαβ(z)DIβ + ΛIJ(z)DJα −
1
2
σ(z)DIα . (4.5)
Here the coefficient functions in the right-hand side read
λαβ(z) = − 1N D
I
(αξ
I
β) , Λ
IJ(z) = −2D[Iα ξJ ]α , σ(z) =
1
N D
I
αξ
α
I =
1
3
∂aξ
a , (4.6)
and may be thought of as the parameters of local Lorentz, R-symmetry and scale trans-
formations, respectively. The explicit calculation of these parameters gives
λαβ(z) = λαβ − xγ(αbβ)γ −
i
2
bαβθγI θIγ + 2iη
(α
I θ
β)
I , (4.7a)
ΛIJ(z) = ΛIJ + 4iη
α
[IθJ ]α + 2ibαβθ
α
I θ
β
J , (4.7b)
σ(z) = σ + bαβx
βα + 2iθαI ηIα . (4.7c)
Under the infinitesimal superconformal transformation associated with Ω, eq. (2.17),
the even two-plane P(z) and the odd N -plane O(z) vary as ξP(z) = P(z + δz) − P(z)
and ξO(z) = O(z+ δz)−O(z), respectively. These variations are computed by the rule10
ΩP(z) = ξP(z) + P(z)
(
λ(z)− 1
2
σ(z)12
)
, (4.8a)
ΩO(z) = ξO(z) +O(z)Λ(z) + P(z)
√
2ηˇT(z) , (4.8b)
where we have introduced the z-dependent S-supersymmetry parameter
ηIα(z) := ηIα − bαβθβI = −
i
2
DIασ(z) . (4.9)
10The index structure of the matrices λ(z), Λ(z) and ηˇ(z) in (4.8) is the same as in (2.17).
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As concerns the coset representative (4.1), it follows from first principles that
Ωs(z) = ξs(z) + s(z)ω(z) , (4.10)
for some supermatrix ω(z) belonging to the isotropy subalgebra (2.28). Making use of
(4.8), the explicit form of ω(z) is
ω(z) =
λα
β(z)− 1
2
δα
βσ(z) bαβ
√
2ηIα(z)
0 −λαβ(z) + 12δαβσ(z) 0
0 i
√
2ηIβ(z) ΛIJ(z)
 . (4.11)
4.2 Two-point functions
By construction, it holds that PsT(z)JP(z) = 0 and PsT(z)JO(z) = 0. Consider two
different superspace points z1 and z2. Then we can define two-point functions
PsT(z1)JP(z2) = xˆT1 − xˆ2 + 2iθˆT1 θˆ2 ≡ xˆ12 , xˆ21 = −xˆT12 (4.12a)
PsT(z1)JO(z2) =
√
2(θˆ1 − θˆ2)T ≡
√
2θˆT12 , θˆ21 = −θˆ12 . (4.12b)
Making use of (2.25), xˆ12 and θˆ12 can be rewritten with explicit spinor indices as follows:
x
αβ
12 = (x1 − x2)αβ + 2iθ(α1I θβ)2I − iθα12Iθβ12I , (4.13a)
θα12I = (θ1 − θ2)αI . (4.13b)
According to (4.8), the above two-point functions transform semi covariantly under the
superconformal group
δ˜xαβ12 =
(
1
2
δαγσ(z1)− λαγ(z1)
)
x
γβ
12 + x
αγ
12
(
1
2
δγ
βσ(z2)− λγβ(z2)
)
, (4.14a)
δ˜θα12I =
(
1
2
δαβσ(z1)− λαβ(z1)
)
θβ12I − xαβ12 ηIβ(z2) + ΛIJ(z2)θα12J . (4.14b)
Here the variation δ˜ is defined by its action on an n-point function Φ(z1, . . . , zn) to be
δ˜Φ(z1, . . . , zn) =
n∑
i=1
ξziΦ(z1, . . . , zn) . (4.15)
We note that the definitions (4.12) can be recast in terms of the coset representative
(4.1) by introducing the following two-point supermatrix [46]
S(z1, z2) := (s(z1))sTJs(z2) . (4.16)
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Using the transformation law of s(z), eq. (4.10), we read off the superconformal transfor-
mation of S(z1, z2)
δ˜S(z1, z2) = −ω(z1)sTS(z1, z2)− S(z1, z2)ω(z2) . (4.17)
Let us introduce the following objects
x12
2 := −1
2
tr(xˆ12xˇ
T
12) = −
1
2
x
αβ
12 x12αβ , (4.18a)
xˆ12 :=
xˆ12√−x122
, (εxˆ12)
2 = 12 , (4.18b)
with ε = (εαβ). Using (4.14) it is easy to check that x12
2 transforms only under local
scale transformations while xˆ12 varies only with the local Lorentz parameters
δ˜x12
2 = (σ(z1) + σ(z2))x12
2 , (4.19a)
δ˜xαβ12 = −λαγ(z1)xγβ12 − xαγ12 λγβ(z2) . (4.19b)
Thus, they will naturally appear as two-point building blocks in the correlation functions
of primary superfields to be studied in the next sections.
Since the two-point function xαβ12 has the symmetry property
x
αβ
21 = −xβα12 , (4.20)
it can be divided into the symmetric and antisymmetric parts
x
αβ
12 = x
αβ
12 +
i
2
εαβθ12
2 , θ12
2 ≡ θα12Iθ12Iα . (4.21)
The symmetric part is nothing but the bosonic component of the standard two-point
superspace interval
xαβ12 = (x1 − x2)αβ + 2iθ(α1I θβ)2I . (4.22)
We stress that both xαβ12 and x
αβ
12 are invariant under supersymmetry while only the latter
transforms covariantly under the superconformal group according to (4.14).
To introduce one more important building block, we point out that the pseudo inver-
sion F acts on P(z) by the rule (3.34). One may also work out the action of F on O(z).
These results allow us to compute the action of F on the coset representative (2.35)
Fs(z) = s(z′)h(F ; z) , (4.23)
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where h(F ; z) is a supermatrix from the isotropy group GP0 . The latter supermatrix is
of the type (2.29) with the following block matrix elements:
A = εxˆ , bˇ = −xˆ−1 , ηˇ = θˆ(xT)−1 , (4.24a)
R = 1N − 2iθˆxˆ−1θˆT . (4.24b)
The N ×N matrix R is orthogonal, RTR = 1N , and unimodular, detR = 1.
Let us denote the two-point analog of the matrix (4.24b) as u12. It is defined by
u12 = 1N + 2iθˆ12xˆ
−1
12 θˆ
T
12 (4.25)
and has the properties
uT12u12 = 1N , det u12 = 1 . (4.26)
The sign difference in the right-hand sides of (4.24b) and (4.25) follows from the fact that
xˆ12 has the symmetry property
xˆ12 − xˆT12 = −2iθˆT12θˆ12 , (4.27)
which differs by sign from (2.25).
Here the inverse matrix xˆ−112 is expressed in terms of xˇ12 as
xˆ−112 = −
xˇT12
x122
. (4.28)
With the use of (4.14) one can check that this matrix transforms as
δ˜uIJ12 = Λ
IK(z1)u
KJ
12 − uIK12 ΛKJ(z2) (4.29a)
or, equivalently,
− (ξz1 + ξz2)uIJ12 + ΛIK(z1)uKJ12 − uIK12 ΛKJ(z2) = 0 . (4.29b)
This shows that uIJ12 is an invariant tensor two-point function of the superconformal group
(compare with the transformation law (5.1) describing a primary superfield). Therefore
this object will naturally appear in correlation functions of primary superfields with O(N )
indices.
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4.3 Three-point functions
Given three superspace points z1, z2 and z3, we construct the following three-point
functions
Xˇ1 = −xˆ−121 xˆ23xˆ−113 , Θˇ1 = xˆ−121 θˆ12 − xˆ−131 θˆ13 , (4.30a)
Xˇ2 = −xˆ−132 xˆ31xˆ−121 , Θˇ2 = xˆ−132 θˆ23 − xˆ−112 θˆ21 , (4.30b)
Xˇ3 = −xˆ−113 xˆ12xˆ−132 , Θˇ3 = xˆ−113 θˆ31 − xˆ−123 θˆ32 . (4.30c)
The structures in (4.30b) and (4.30c) follow from (4.30a) by applying cyclic permutations
of superspace points. This is why it suffices to study the properties of (4.30a).
With the use of (4.14) one can check that Xˇ1 and Θˇ1 transform as tensors at the
superspace point z1 and scalars at z2 and z3,
δ˜X1αβ = λα
γ(z1)X1γβ +X1αγλ
γ
β(z1)− σ(z1)X1αβ , (4.31a)
δ˜Θ1αI =
(
λα
β(z1)− 1
2
δα
βσ(z1)
)
Θ1βI + ΛIJ(z1)Θ1Jα . (4.31b)
Thus, they turn out to be essential building blocks for correlation functions of primary
superfields.
Let us consider the squares of the structures in (4.30a)
X1
2 := −1
2
tr(Xˆ1Xˇ
T
1 ) =
x23
2
x122x132
, Θ21 := Θ
α
1IΘ1Iα . (4.32)
The variations of these objects involve only the parameter of local scale transformation
δ˜X1
2 = −2σ(z1)X12 , δ˜Θ21 = −σ(z1)Θ21 . (4.33)
As a consequence, the combination [46]
Θ21√
X12
(4.34)
is a superconformal invariant and the superconformal symmetry can fix the form of cor-
relation functions only up to this combination.
The two-point function (4.13a) has the following distributive property
x
αβ
23 = x
αβ
21 + x
αβ
13 − 2iθIα21 θIβ13 . (4.35)
As a consequence, the three-point functions (4.30a) obey
εαβX1αβ = iΘ
2
1 . (4.36)
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Hence, similar to the two-point function (4.21), the decomposition of the three-point
function Xαβ1 into symmetric and antisymmetric parts reads
X1αβ = X1αβ − i
2
εαβΘ
2
1 , X1αβ = X1βα . (4.37)
Given the symmetric object X1αβ we construct a vector by the standard rule, X1m =
−1
2
γαβm X1αβ , and introduce analogs of the covariant spinor derivative (2.39) and the cor-
responding supercharge operator
DI(1)α =
∂
∂Θα1I
+ iγmαβΘ
Iβ
1
∂
∂Xm1
, QI(1)α = i
∂
∂Θα1I
+ γmαβΘ
Iβ
1
∂
∂Xm1
. (4.38)
They obey standard anticommutation relations
{DIα,DJβ} = {QIα,QJβ} = 2iδIJγmαβ
∂
∂Xm
, (4.39)
where we omit the subscript (1) labeling the superspace point.
There are various identities that involve the three-point functions X i αβ and Θi α at
different points, e.g.,
xαα
′
13 X3α′β′x
β′β
31 = −(X−11 )βα =
X
αβ
1
X12
, ΘI1γx
γδ
13X3δβ = u
IJ
13Θ
J
3β . (4.40)
These relations allow us to prove the following properties of three-point functions (4.30c)
DI(1)αΘ
J
3β = −x−113βαuIJ13 , DI(1)γX3αβ = 2ix−113αγuIJ13ΘJ3β ,
DI(2)αΘ
J
3β = x
−1
23βαu
IJ
23 , D
I
(2)γX3αβ = 2ix
−1
23βγu
IJ
23Θ
J
3α . (4.41)
Here DI(i)α is the conventional covariant spinor derivative (2.39) which acts on the super-
space coordinates at the point zi.
Given a function f(X3,Θ3) depending on the objects (4.30c) one can prove the fol-
lowing differential identities
DI(1)γf(X3,Θ3) = x
−1
13αγu
IJ
13DJα(3)f(X3,Θ3) , (4.42a)
DI(2)γf(X3,Θ3) = ix
−1
23αγu
IJ
23QJα(3)f(X3,Θ3) . (4.42b)
Note that on the left of these identities there are standard covariant spinor derivatives
(2.39) while on the right there are generalized derivative and supercharge given in (4.38).
The above properties (4.42) will be important in the next sections.
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Using the relations (4.40) one can also check that the object (4.34) is invariant under
permutations of superspace points,
Θ21√
X12
=
Θ22√
X22
=
Θ23√
X32
. (4.43)
Finally, we introduce the following three-point functions
U IJ1 = u
IK
12 u
KL
23 u
LJ
31 , U
IJ
2 = u
IK
23 u
KL
31 u
LJ
12 , U
IJ
3 = u
IK
31 u
KL
12 u
LJ
23 , (4.44)
which have simple transformation properties. One may see that U IJ1 transforms as an
O(N ) tensor at superspace point z1
δ˜U IJ1 = Λ
IK(z1)U
KJ
1 − U IK1 ΛKJ(z1) . (4.45)
By construction, the matrix U1 is orthogonal, U
T
1 U1 = 1N , and unimodular, detU1 = 1.
It can be expressed in terms of the three-point functions (4.30c)
U IJ1 = δ
IJ + 2iΘI1α(X
−1
1 )
αβΘJ1β = δ
IJ − 2iΘ
I
1αX
βα
1 Θ
J
1β
X12
. (4.46)
Analogous results hold for U2 and U3.
The matrices U2 and U3 are related to U1 as
U IJ2 = u
IK
21 U
KL
1 u
LJ
12 , U
IJ
3 = u
IK
31 U
KL
1 u
LJ
13 . (4.47)
These properties will be useful in checking the invariance under permutations of super-
space points of correlation functions of superfields with O(N ) indices.
5 Correlation functions of primary superfields
Consider a superfield ΦIA(z) that transforms in a representation T of the Lorentz group
with respect to its index A and in a representation D of the R-symmetry group O(N )
with respect to the index I. Such a superfield is called primary of dimension q if its
superconformal transformation law is
δΦIA = −ξΦIA − qσ(z)ΦIA + λαβ(z)(Mαβ)ABΦIB + ΛIJ(z)(RIJ)IJΦJA . (5.1)
Here ξ is the conformal Killing supervector (4.3), and the z-dependent parameters σ(z),
λαβ(z) and ΛIJ(z) associated with ξ are given in (4.7). The matrices Mαβ and R
IJ are
the Lorentz and O(N ) generators, respectively.
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In the non-supersymmetric case, the formalism to construct the correlation functions
of primary fields in conformal field theories in diverse dimensions was developed in [9] (see
also [14]). In four dimensions, this approach was generalised to N = 1 superconformal
field theories formulated in superspace in [27] (see also [51]) as well as to higher N [47].
The correlation functions of primary superfields in three and six dimensions were studied
in [46] and [48], respectively. Here we briefly review the 3D formalism of [46] as it will be
employed further for constructing correlation functions of conserved current multiplets in
3D superconformal field theories.
The two-point correlation function of the primary superfield ΦIA and its conjugate Φ¯
A
I
is fixed by the superconformal symmetry up to a single coefficient c and has the form
〈ΦIA(z1)Φ¯BJ (z2)〉 = c
TA
B(εxˆ12)D
I
J (u12)
(x122)q
(5.2)
provided the representations T and D are irreducible. The two-point functions x12
2, xˆ12
and u12 are defined in eqs. (4.18) and (4.25), respectively, and ε = (εαβ). The denominator
in (5.2) is fixed by the dimension of Φ.
Let Φ, Ψ and Π be primary superfields (with indices suppressed) of dimensions q1,
q2 and q3, respectively. The three-point correlation function for these superfields can be
found with the use of the ansatz
〈ΦI1A1(z1)ΨI2A2(z2)ΠI3A3(z3)〉 =
T (1)A1
B1(εxˆ13)T
(2)
A2
B2(εxˆ23)D
(1)I1
J1(u13)D
(2)I2
J2(u23)
(x132)q1(x232)q2
×HJ1J2I3B1B2A3(X3,Θ3, U3) , (5.3)
where HJ1J2I3B1B2A3 is a tensor constructed in terms of the three-point functions (4.30) and
(4.44). The functional form of this tensor is highly constrained by the following conditions:
(i) It should obey the scaling property
HJ1J2I3B1B2A3(λ
2X , λΘ, U) = (λ2)q3−q2−q1HJ1J2I3B1B2A3(X ,Θ, U) , ∀λ ∈ R \ {0} (5.4)
in order for the correlation function to have the correct transformation law under
the superconformal group.
(ii) When some of the superfields Φ, Ψ and Π obey differential equations such as the
conservation conditions of conserved current multiplets, the tensor HJ1J2I3B1B2A3 is con-
strained by certain differential equations as well. In deriving such equations the
identities (4.42) may be useful.
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(iii) When two of the superfields Φ, Ψ and Π (or all of them) coincide, the tensor H
should obey certain constraints originating from the symmetry under permutations
of superspace points, e.g.
〈ΦAI (z1)ΦBJ (z2)ΠCK(z3)〉 = (−1)ǫ(Φ)〈ΦBJ (z2)ΦAI (z1)ΠCK(z3)〉 , (5.5)
where ǫ(Φ) is the Grassmann parity of ΦAI .
These constraints fix the functional form of the tensor H (and, hence, the three-point
correlation function) up to a few arbitrary constants.
The procedure described reduces the problem of computing thee-point correlation func-
tions to deriving the single function H subject to the above mentioned constraints. In the
next sections we will apply this procedure to compute the two- and three-point correlation
functions of the supercurrents and the flavour current multilpets in superconformal field
theories with 1 ≤ N ≤ 3.
6 Correlators in N = 1 superconformal field theory
To start with, we give an example of a classically N = 1 superconformal field theory.
It is described by n primary real scalar superfields ~ϕ of dimension 1/2 with action
S =
∫
d3xd2θ
{1
2
Dα~ϕ ·Dα~ϕ+ i
4
λ(~ϕ · ~ϕ)2
}
, (6.1)
with λ a coupling constant. This action is invariant under the superconformal transfor-
mation
δ~ϕ = −ξ~ϕ− 1
2
σ(z)~ϕ . (6.2)
The supercurrent of this model [60] is
Jαβγ = i
(
~ϕ ·D(α∂βγ)~ϕ− 3D(α~ϕ · ∂βγ)~ϕ
)
. (6.3)
The flavour current multiplet reads
J a¯α = i
(
~ϕ · Σa¯Dα~ϕ−Dα~ϕ · Σa¯~ϕ
)
, (6.4)
where Σa¯ denotes the generator of the flavour O(n) group. One may check that the
currents (6.3) and (6.4) transform as primary superfields under the superconformal group
and obey the corresponding conservation laws given in (1.1) and (1.4) on the equations
of motion for ~ϕ.
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A natural generalisation of (6.1) is the most general off-shell 3DN = 1 superconformal
sigma model given in [49].11
6.1 N = 1 flavour current multiplets
In N = 1 supersymmetric field theory, the flavour current multiplet is described by
a primary real spinor superfield Lα of dimension 3/2 (with its flavour index suppressed)
which transforms under superconformal group as
δLα = −ξLα − 3
2
σ(z)Lα + λα
β(z)Lβ (6.5)
and obeys the conservation equation
DαLα = 0 . (6.6)
Let us assume that the superconformal field theory under study has several flavour
current multiplets La¯α, with a¯ the flavour index. According to the general formula (5.2),
the two-point function of such operators is fixed up to one real coefficient aN=1,
〈La¯α(z1)Lb¯β(z2)〉 = iaN=1
δa¯b¯x12αβ
(x122)2
, (6.7)
assuming that the flavour group is simple. With the relation (4.20) it is easy to see that
(6.7) obeys the right symmetry property under the permutation of superspace points,
〈La¯α(z1)Lb¯β(z2)〉 = −〈Lb¯β(z2)La¯α(z1)〉. Next, using the explicit expression for x12αβ given in
(4.13a), one may check that (6.7) respects the conservation condition (6.6)
Dα(1)〈La¯α(z1)Lb¯β(z2)〉 = 0 , z1 6= z2 . (6.8)
Consider now the three-point correlation function 〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉. Since the
superspace coordinates do not carry any flavour group indices, the dependence of the
correlation function on a¯, b¯ and c¯ should factorise in the form of an invariant tensor of the
flavour group, which is completely antisymmetric, f a¯b¯c¯ = f [a¯b¯c¯], or completely symmetric,
da¯b¯c¯ = d(a¯b¯c¯). These tensors are defined in terms of the generators Σa¯ of the flavour group
as follows
[Σa¯,Σb¯] = if a¯b¯c¯Σc¯ , da¯b¯c¯ =
1
2
tr({Σa¯,Σb¯}Σc¯) . (6.9)
11On-shell superconformal sigma models in three dimensions were proposed in [61, 62, 63].
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In principle, the correlator may be a sum of two terms, one of which is proportional to f a¯b¯c¯
and the other to da¯b¯c¯. In four dimensions, contributions with da¯b¯c¯ arise as a consequence of
anomalies. In three dimensions, gauge theories are anomaly-free. Therefore, it is natural
to expect that the part of 〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 with da¯b¯c¯ should vanish as it was observed
in the non-supersymmetric case studied in [9]. Nevertheless, here we start by considering
the most general expression for the correlation function including contributions of both
types, with f a¯b¯c¯ and da¯b¯c¯, and then show that the latter vanishes upon imposing all the
relevant constrains.
According to the general formula (5.3), we have to look for the three-point correlator
in the form
〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 =
x13αα′x23ββ′
(x132)2(x232)2
(
f a¯b¯c¯Hα
′β′
(f) γ(X3,Θ3) + d
a¯b¯c¯Hα
′β′
(d) γ(X3,Θ3)
)
,
(6.10)
where the tensors Hαβγ(f,d) should obey the following scaling property:
Hαβγ(f,d)(λ
2X, λΘ) = λ−3Hαβγ(f,d)(X,Θ) . (6.11)
Recall that the superfield La¯α is Grassmann odd. Hence, the correlator (6.10) changes
its sign when we interchange any pair of superfields in it, e.g.
〈Lb¯β(z2)La¯α(z1)Lc¯γ(z3)〉 = −〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 . (6.12)
This equation imposes the following constraint on the tensors Hαβγ(f,d):
Hβαγ(f) (−XT,−Θ) = Hαβγ(f) (X,Θ) , Hβαγ(d) (−XT,−Θ) = −Hαβγ(d) (X,Θ) . (6.13)
The most general expressions for these tensors subject to the constraints (6.11) and (6.13)
read
Hαβγ(f) = i
∑
n
cnH
αβγ
(f)n , H
αβγ
(d) = i
∑
n
dnH
αβγ
(d)n , (6.14)
where cn and dn are some real coefficients and
Hαβγ(f)1 =
εαβΘγ
X2
, Hαβγ(f)2 =
XαβΘγ
X3
, Hαβγ(f)3 =
εβγXαµΘµ + ε
αγXβµΘµ
X3
; (6.15a)
Hαβγ(d)1 =
XαβXγδΘδ
X4
, Hαβγ(d)2 =
εαγΘβ + εβγΘα
X2
, Hαβγ(d)3 =
εαβXγδΘδ
X3
. (6.15b)
Recall that we use the notation in which X2 = −1
2
XαβXαβ and X
k ≡ (X2)k/2.
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Note that there is no need to add one more addmisible structure 1
X
3 (X
αγΘβ+XβγΘα)
to the list (6.15a), since it is linearly dependent of the others,
XαγΘβ +XβγΘα = 2XαβΘγ + εβγXαµΘµ + ε
αγXβµΘµ . (6.16)
To fix the values of the coefficients cn and dn in (6.14) we have to take into account
the conservation condition (6.6),
Dα(1)〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 = 0 . (6.17)
Making use of (4.42a), this equation imposes the following constraint on the tensors Hαβγ(f,d):
DαHαβγ(f,d) = 0 . (6.18)
Here Dα is the generalized covariant spinor derivative defined in (4.38). The equation
(6.18) leads to the following constraints on the coefficients cn and dn:
c1 = 0 , c2 + c3 = 0 ; d1 = 3d2 , d3 = 0 . (6.19)
To find further constrains on the coefficients, we recall that the correlation function
changes its sign if we swap any two superfields in it, e.g.,
〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 = −〈Lc¯γ(z3)Lb¯β(z2)La¯α(z1)〉 . (6.20)
Using the identities (4.40), we find the following corollaries of (6.20):
Hαβγ(f,d)(X3,Θ3) = ±
X
ρβ
3 x32ρρ′x31
γ
γ′(x
−1
13 )
αα′Hγ
′ρ′
(f,d)α
′(−XT1 ,−Θ1)
X34x134
, (6.21)
where the right-hand side should be taken with the plus sign for H(f) and with minus for
H(d). The constraints (6.21) are satisfied under the conditions
c1 = 0 , c2 + c3 = 0 ; d1 = −d2 , d3 = 0 . (6.22)
Thus, from (6.19) and (6.22) we see that all d-coefficients vanish, dn = 0, and therefore
Hαβγ(d) = 0. Furthermore, only one independent coefficient remains among cn, which we
denote by bN=1 = c2 = −c3. Our final expression for the correlator (6.10) is
〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 = f a¯b¯c¯
x13αα′x23ββ′
(x132)2(x232)2
Hα
′β′
(f) γ(X3,Θ3) , (6.23a)
Hαβγ(f) (X,Θ) =
ibN=1
X3
(XαβΘγ − εβγXαδΘδ − εαγXβδΘδ) . (6.23b)
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The superfield operator La¯α(z) contains an ordinary conserved flavour current L
a¯
m(x)
as its linear in θ component,
La¯αβ = DαL
a¯
β | , La¯αβ = γmαβLa¯m , ∂mLa¯m = 0 , (6.24)
where | indicates that we have to set θ = 0. From (6.23) we can extract the three-point
function 〈La¯αα′(x1)Lb¯ββ′(x2)Lc¯γγ′(x3)〉 by the rule:
〈La¯αα′(x1)Lb¯ββ′(x2)Lc¯γγ′(x3)〉 = −D(1)αD(2)βD(3)γ〈La¯α′(z1)Lb¯β′(z2)Lc¯γ′(z3)〉| . (6.25)
It is instructive to compare the flavour current correlation function (6.23) with the corre-
sponding non-supersymmetric expression found in [9]. After a straightforward but lengthy
calculation (see Appendix D for the technical details) we find
〈La¯m(x1)Lb¯n(x2)Lc¯k(x3)〉 =
f a¯b¯c¯
x122x232x132
Imm′(x13)Inn′(x23)t
m′n′
k(X3) . (6.26)
Here we have defined
Imn(x) = ηmn − 2xmxn
x2
, (6.27a)
Xm3 =
xm13
x132
− x
m
23
x232
, (6.27b)
tmnk(X) = b1
XmXnXk
X3
+ b2
Xmηnk +Xnηmk −Xkηmn
X
. (6.27c)
According to (D.17), the coefficients b1 and b2 are given in terms of bN=1 as follows
b1 = b2 = 3bN=1 . (6.28)
This is the same result as the one obtained in [9] except for the fact that the two coefficients
b1 and b2, which were completely independent in the non-supersymmetric case, are now
equal to each other due to supersymmetry.
As pointed out in [11], in 3D conformal field theories an additional parity violating12
structure can arise in the three-point correlator of flavour currents,
t˜mnk(X) = b3
−εnkpXmXp + εmkpXnXp + εmnpXkXp
X2
. (6.29)
However, this structure does not appear upon the N = 1→ N = 0 reduction of our result
(6.23) and, hence, it is not consistent with supersymmetry. The same conclusion holds
in all cases considered below in this paper. Specifically, the correlators of both flavour
current multiplets and supercurrents contain only parity even contributions.13
12The parity transformation in question is xm → −xm. The correlator of three flavour currents acquires
a minus sign under this transformation.
13One way to check whether a given contribution is even or odd under parity is to reduce it to the
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6.2 N = 1 supercurrent
The N = 1 supercurrent is described by a primary symmetric third-rank spinor Jαβγ =
J(αβγ) of dimension 5/2, which obeys the conservation law
DαJαβγ = 0 . (6.30)
This conservation equation is invariant under the superconformal transformation of Jαβγ,
which is
δJαβγ = −ξJαβγ − 5
2
σ(z)Jαβγ + 3λ
δ
(α(z)Jβγ)δ . (6.31)
According to the general discussion in section 5, the two-point function of the super-
current is given by
〈Jαβγ(z1)Jα′β′γ′(z2)〉 = icN=1x12α
(α′x12β
β′x12γ
γ′)
(x122)4
. (6.32)
It is easy to show that the two-point function (6.32) has the right symmetry property
under the change of superspace points, 〈Jαβγ(z1)Jα′β′γ′(z2)〉 = 〈Jα′β′γ′(z2)Jαβγ(z1)〉, and
satisfies
Dα(1)〈Jαβγ(z1)Jα′β′γ′(z2)〉 = 0 , z1 6= z2 . (6.33)
Similarly, we can write the most general form for the three-point function that is con-
sistent with the superconformal symmetry. Let us denote by A = (α, α′, α′′) a symmetric
combination of the three spinor indices, JA ≡ Jαα′α′′ . Then
〈JA(z1)JB(z2)JC(z3)〉 = T
R
A (x13)T
S
B (x23)
(x132)4(x232)4
HRSC(X3,Θ3) . (6.34)
Explicitly,
TA
R(x) = x(α
ρxα′
ρ′xα′′)
ρ′′ (6.35)
and the function14 HABC(X,Θ) ≡ H(αα′α′′),(ββ′β′′),(γγ′γ′′)(X,Θ) should satisfy the scaling
property
HABC(λ
2X, λΘ) = λ−5HABC(X,Θ) . (6.36)
N = 0 case to see whether or not it contains an εmnp tensor. This is easy to see from the general structure
of the supersymmetric result without performing the reduction in detail. We will not discuss details of
the reduction of our results to N = 0 in other sections of this paper.
14Here and below we sometimes use a comma to separate various groups of indices.
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If we exchange the first and the second superspace points z1 ↔ z2 it follows that X3 →
−XT3 , Θ3 → −Θ3. Since the supercurrent Jαβγ is Grassmann odd the correlation func-
tion (6.34) has to change the sign under z1 ↔ z2, A ↔ B. It implies that the function
HABC(X,Θ) has to satisfy
HABC(−XT,−Θ) = −HBAC(X,Θ) . (6.37)
The three-point function (6.34) now has the right symmetry property under z1 ↔ z2, but
it does not necessarily has the right symmetry under z1 ↔ z3 and z2 ↔ z3. Additionally,
the function HABC(X ,Θ) is constrained by the conservation law (6.30). Upon the use of
the identity (4.42a) the latter is translated to
DαHαβγ,α′β′γ′,α′′β′′γ′′(X,Θ) = 0 . (6.38)
Now our aim is to find the most general solution for H . The standard approach used
in 4D superconformal field theories with N = 1 [27] and N = 2 [25] is based on writing
the most general ansatz in terms of X and Θ consistent with the symmetries and the
scaling property (6.36) and constrain it by the conservation law (6.38). However, because
of a large number of tensorial indices it appears to be inefficient as such an ansatz would
require to analyse quite a considerable number of possible terms. Hence, we will take a
slightly indirect route.
First, let us trade a pair of spinor indices of H for a vector index in each triple. That
is, we write
Hαα
′α′′,ββ′β′′,γγ′γ′′ = (γm)
α′α′′(γn)
β′β′′(γk)
γ′γ′′Hαm,βn,γk . (6.39)
Note that eq. (6.39) is not quite correct as it stands because the left-hand side is fully
symmetric in each triple while the right hand side is symmetric only in (α′, α′′), (β ′, β ′′)
and (γ′, γ′′). For eq. (6.39) to make sense, we have to make sure that the antisymmetric
part in (α, α′), (β, β ′) and (γ, γ′) vanishes on the right hand side. That is, we have to
impose the following conditions on Hαm,βn,γk
(γm)αδH
αm,βn,γk = 0 , (γn)βδH
αm,βn,γk = 0 , (γk)γδH
αm,βn,γk = 0 . (6.40)
From (6.38) we still have the conservation law
DαHαm,βn,γk = 0 . (6.41)
Since H is Grassmann odd and since
ΘαΘβΘγ = 0 , (6.42)
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it follows that H must contain only linear Θ-terms. Then eq. (6.41) is equivalent to two
independent equations
∂αH
αm,βn,γk = 0 , (6.43a)
Θδ(γt)αδ∂tH
αm,βn,γk = 0 . (6.43b)
Let us decompose Hαm,βn,γk into symmetric and antisymmetric parts in the first and
second pair of indices
Hαm,βn,γk = H(αm,βn),γk +H [αm,βn],γk . (6.44)
In our subsequent analysis, it is more convenient to view H as a function of Xm rather
than of Xαβ . Then it is easy to see from eqs. (6.37) that H(αm,βn),γk has to be an
even function of Xm while H [αm,βn],γk has to be an odd function. Since even and odd
functions cannot mix in the conservation law (6.43a), (6.43b) H(αm,βn),γk and H [αm,βn],γk
must satisfy (6.43a), (6.43b) separately. This means that we can consider H(αm,βn),γk and
H [αm,βn],γk independently.
First, we will consider the case of H(αm,βn),γk. Due to its symmetry properties, it is
the sum of four possible terms:
1. H
(αm,βn),γk
1 = ε
αβΘγA[mn],k ,
2. H
(αm,βn),γk
2 = ε
αβ(γr)
γ
δΘ
δB[mn],k,r ,
3. H
(αm,βn),γk
3 = (γp)
αβΘγC(mn),k,p ,
4. H
(αm,βn),γk
4 = (γp)
αβ(γr)
γ
δΘ
δD(mn),k,p,r .
Here we use the fact that every symmetric in (α, β) matrix is proportional to a gamma-
matrix. We also indicated that the matrices A and B are antisymmetric in (m,n) and
C and D are symmetric. The tensors A, B, C, D depend on Xm and are symmetric
under Xm → −Xm. Now we will impose the conditions (6.40) as well as the conservation
law (6.43a), (6.43b). To begin with, we will impose ∂αH
(αm,βn),γk = 0. Then it is easy to
see that
A[mn],k = 0 , B[mn],k,r = 0 ,
ηprD
(mn),k,p,r = 0 , εrpqD
(mn),k,p,r + ηqq′C
(mn),k,q′ = 0 . (6.45)
Hence, H
(αm,βn),γk
1 = H
(αm,βn),γk
2 = 0.
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Upon imposing (6.40) we obtain
C(mn),k,p = C(mnp),k , D(mn),k,p,r = D(mnp),(kr) +
1
2
εkrqηqq′C
(mnp),q′ ,
ηmnC
(mnp),k = 0 , ηmnD
(mnp),(kr) = 0 , ηkrD
(mnp),(kr) = 0 . (6.46)
That is we find two symmetric traceless tensors C(mnp),k and D(mnp),(kr). Substituting
now (6.46) into (6.45) we find that C(mnp),k and D(mnp),(kr) are related to each other as
follows
ηprD
(mnp),(kr) +
1
2
εkpqηpp′ηqq′C
(mnp′),q′ = 0 , (6.47a)
εrpqηrr′ηpp′D
(mnp′),(kr′) + C(mnq),k +
1
2
C(mnk),q − 1
2
ηqkηptC
(mnp),t = 0 . (6.47b)
Quite remarkably, eqs. (6.47) allow us to fully solve for D(mnp),(kr) in terms of C(mnp),k.
In order to do this we will decompose C(mnp),k and D(mnp),(kr) into irreducible components.
To understand which irreducible components are relevant it is convenient to trade each
vector index for a pair of spinor ones. Since C(mnp),k and D(mnp),(kr) are symmetric and
traceless they become equivalent to symmetric tensors C(α1...α6),(β1β2) and D(α1...α6),(β1...β4).
Hence, C contains irreducible components (that is, totally symmetric tensors) of rank 8,
6, 4 and 2, whereas D contains irreducible components of rank 10, 8, 6, 4 and 2 (note that
neither C nor D contains the rank 0 representation since the number of α and β indices
is different). Now let us recall that all irreducible components must be even functions
of Xαβ. This means that irreducible tensors of rank 10, 6 and 2 must vanish since they
contain an odd number of Xαβ. Therefore, in both C and D only irreducible components
of rank 8 and rank 4 can contribute. Going back to the vector indices, let us denote the
irreducible components of C as C
(mnpk)
1 and C
(mn)
2 and the irreducible components of D
as D
(mnpk)
1 and D
(mn)
2 . By construction, all these tensors are symmetric and traceless.
It is not hard to construct explicit decompositions of C(mnp),k and D(mnp),(kr) into the
irreducible components. The decomposition of C(mnp),k reads
C(mnp),k = C
(mnpk)
1 + η
pkC
(mn)
2 + η
nkC
(mp)
2 + η
mkC
(np)
2
+ ηmnC
(pk)
3 + η
mpC
(nk)
3 + η
npC
(mk)
3 . (6.48)
Here we have taken into account that C(mnp),k is symmetric in (m,n, p). Recalling now
that it is also traceless (see eq. (6.46)), ηmnC
(mnp),k = 0, gives
C
(mn)
3 = −
2
5
C
(mn)
2 . (6.49)
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Similarly, we have the following decomposition of D(mnp),(kr):
D(mnp),(kr) = εmksηss′T
(np),r,s′ + εnksηss′T
(mp),r,s′ + εpksηss′T
(mn),r,s′
+ εmrsηss′T
(np),k,s′ + εnrsηss′T
(mp),k,s′ + εprsηss′T
(mn),k,s′ , (6.50)
where T (np),r,s is given in terms of D
(nprs)
1 and D
(np)
2 by
T (np),r,s = D
(nprs)
1 + η
nrD
(ps)
2 + η
prD
(ns)
2 + η
npD
(rs)
3 . (6.51)
Recalling that D(mnp),(kr) is traceless in each group of indices relates
D
(mn)
3 = −
2
5
D
(mn)
2 . (6.52)
Let us point out that symmetry allows us to add in (6.51) terms of the form ηnsD
(pr)
4 +
ηpsD
(nr)
4 + η
rsD
(np)
5 with some symmetric traceless tensors D
(np)
4 and D
(np)
5 . However, it is
straightforward to show that such terms will cancel when we substitute them in (6.50) and,
hence, they can be ignored. Substituting the irreducible decompositions (6.48), (6.49),
(6.50), (6.51), (6.52) into (6.37) yields the solution
D
(nprs)
1 = −
3
10
C
(nprs)
1 , D
(np)
2 = −
1
8
C
(np)
2 . (6.53)
Thus, the tensor D is fully determined in terms of C.
Finally, let us consider the equation (6.43b) which involves the derivative with respect
to X . It is possible to show using (6.47) that (6.43b) is equivalent to a pair of simple
equations
∂mC
(mnp),k = 0 , ∂mD
(mnp),(kr) = 0 . (6.54)
Now we are ready to construct an explicit solution. It is enough to consider C(mnp),k
since D(mnp),(kr) is fully expressed in terms of it. Using the symmetry in (m,n, p), the
scaling property (6.36) and the fact that it is an even function ofXm we have the following
most general ansatz
C(mnp),k =
a
X3
[
ηmnηpk + ηmkηnp + ηmpηnk
]
+
b
X5
[
ηmnXpXk + ηmpXnXk + ηnpXmXk
]
+
c
X5
[
ηpkXmXn + ηnkXmXp + ηmkXnXp
]
+
d
X7
XmXnXpXk . (6.55)
Here we adopt the vector notation X2 = XmX
m and a, b, c, d are some coefficients.
Imposing ηmnC
(mnp),k = 0 gives c = −5a, d = 10a − 5b. Imposing ∂mC(mnp),k = 0 gives
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b = 3a, d = −10b − 5c. Thus, we obtain that there is only one independent coefficient
which we choose to be a and the remaining three coefficients are given by
b = 3a , c = d = −5a . (6.56)
At this step it is convenient to give particular values to a, b, c, d, say
a = 1 , b = 3 , c = d = −5 . (6.57)
Then, the free parameter, which we denote as dN=1, will show up as an overall coefficient
in the final answer for the correlation function presented below.
It is now straightforward to compute T (np),r,s (and, hence, D(mnp),(kr)). Using eqs. (6.51),
(6.52), (6.53) and the explicit form of C(mnp),k in (6.55), (6.56) we obtain15
T (np),r,s =
1
2
[ηnrXpXs + ηprXnXs − ηnpXrXs
X5
+
3XnXpXrXs
X7
]
. (6.58)
As the last step, one can check that with T (np),r,s given by (6.58) the differential constraint
∂mD
(mnp),(kr) = 0 from eq. (6.54) is indeed satisfied. Thus, we have shown that H(αm,βn),γk
is fixed by symmetries and by the conservation law up to an overall coefficient dN=1.
In a similar manner we can consider the antisymmetric part H [αm,βn],γk. Fortunately,
the consideration is much simpler. It is not hard to show following the same logic as
above that already imposing ∂αH
[αm,βn],γk = 0 and eq. (6.40) sets H [αm,βn],γk = 0.
To summarise, we have shown that the three-point function of supercurrents in N = 1
superconformal theories is fixed up to one overall coefficient dN=1. The explicit form of
the function Hαm,βn,γk is given by
Hαm,βn,γk(X,Θ) = idN=1
[
(γp)
αβΘγC(mnp),k +
1
2
(γp)
αβ(γr)
γ
δΘ
δεkrqηqq′C
(mnp),q′
+ (γp)
αβ(γr)
γ
δΘ
δD(mnp),(kr)
]
. (6.59)
The tensors C(mnp),k and D(mnp),(kr) are given by (6.55), (6.57) and (6.50), (6.58), respec-
tively.
Obviously, the correlation function (6.34) changes its sign under permutation of the
superspace points z1 and z3 with the simultaneous swap of indices A and C
〈JA(z1)JB(z2)JC(z3)〉 = −〈JC(z3)JB(z2)JA(z1)〉 . (6.60)
15 An explicit calculation of T (np),r,s also gives additional terms containing ηns, ηps or ηrs. However,
all such terms will cancel when we substitute them into the expression for D(mnp),(kr) in (6.50) and,
hence, they can be ignored. It is analogous to the cancellation discussed below (6.52).
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As a consequence, the tensor H should obey the following equation
Hα1α2α3,β1β2β3,γ1γ2γ3(X3,Θ3) =
1
X38x138
(x−113 )α1
α′
1(x−113 )α2
α′
2(x−113 )α3
α′
3x13
γ′
1
γ1x13
γ′
2
γ2x13
γ′
3
γ3
×xβ′1δ113 X3δ1β1xβ
′
2
δ2
13 X3δ2β2x
β′
3
δ3
13 X3δ3β3
×Hγ′
1
γ′
2
γ′
3
,β′
1
β′
2
β′
3
,α′
1
α′
2
α′
3
(−XT1 ,−Θ1) . (6.61)
However, it appears to be very difficult to check that the tensor (6.59) obeys this equation
because of its complicated structure. Alternatively, in Appendix C we demonstrate that
the expression (6.59) can be derived as a result of reduction of the N = 2 supercurrent
correlation function which will be computed in subsection 7.2. This will prove that (6.59)
obeys the required property (6.61).
7 Correlators in N = 2 superconformal field theory
We start with an example of a classically N = 2 superconformal field theory. It is
described by n primary chiral scalars Φ (viewed as a column vector) of dimension 1/2,
D¯αΦ = 0, and their conjugate antichiral superfields Φ
† with action16
S =
∫
d3xd2θd2θ¯Φ†Φ+
{
λ
∫
d3xd2θ (ΦTΦ)2 + c.c.
}
. (7.1)
Here λ is a dimensionless coupling constant. The supercurrent of this model is [35, 36]
Jαβ = 2D¯(αΦ
†Dβ)Φ +
1
2
[D(α, D¯β)](Φ¯
†Φ) . (7.2)
The action is obviously O(n) invariant. The corresponding flavour current multiplet is
La¯ = Φ†Σa¯Φ , (7.3)
with Σa¯ being the generator of the flavour O(n) group. It is not difficult to check that
on-shell the currents (7.2) and (7.3) obey the N = 2 conservation equations in (1.1) and
(1.4), respectively. In the free case, λ = 0, the action is U(n) invariant; the corresponding
flavour current multiplet is given by (7.3), in which Σa¯ now stands for the generator of
the U(n) group. The free model is trivially superconformal at the quantum level.
A natural generalisation of (7.1) is the most general off-shell 3DN = 2 superconformal
sigma model given in [49].17
16For the action (7.1) and the associated conserved current multiplets (7.2) and (7.3), we have employed
the complex basis for the superspace Grassmann coordinates introduced in Appendix B. In the remainder
of this section, the real basis for the superspace Grassmann coordinates will be used.
17For target spaces with U(1) isometries, 3D supersymmetric sigma models may be formulated in terms
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7.1 N = 2 flavour current multiplets
The N = 2 flavour current is described by a primary scalar L of dimension 1, which
means that its superconformal transformation is
δL = −ξL− σ(z)L . (7.4)
This transformation law is uniquely fixed by requiring the conservation equation
(Dα(IDJ)α −
1
2
δIJDαKDKα )L = 0 (7.5)
to be superconformal.
As in the N = 1 case, we assume that the N = 2 superconformal field theory under
study has a set of flavour current multiplets La¯ associated with a simple flavour group.
Since the superfields La¯ carry neither spinor nor R-symmetry indices, their two-point
correlation function is simply
〈La¯(z1)Lb¯(z2)〉 = aN=2 δ
a¯b¯
x122
, (7.6)
where aN=2 is a free coefficient. It is straightforward to check that this correlator is
symmetric, 〈La¯(z1)Lb¯(z2)〉 = 〈Lb¯(z2)La¯(z1)〉, and respects the conservation equation (7.5),
(D
α(I
(1) D
J)
(1)α −
1
2
δIJDαK(1) D
K
(1)α)〈La¯(z1)Lb¯(z2)〉 = 0 , z1 6= z2 . (7.7)
Our next goal is to work out the most general expression for the three-point function
〈La¯(z1)Lb¯(z2)Lc¯(z3)〉 compatible with all the physical requirements. According to (5.3),
we have to make the ansatz
〈La¯(z1)Lb¯(z2)Lc¯(z3)〉 = 1
x132x232
[
f a¯b¯c¯H(f)(X3,Θ3) + d
a¯b¯c¯H(d)(X3,Θ3)
]
, (7.8)
where f a¯b¯c¯ and da¯b¯c¯ are antisymmetric and symmetric invariant tensors, respectively. Both
functions H(f) and H(d) should have the same scaling property
H(f,d)(λ
2X, λΘ) = λ−2H(f,d)(X,Θ) (7.9)
and obey the conservation condition
(Dα(IDJ)α −
1
2
δIJDαKDKα )H(f,d) = 0 . (7.10)
of Abelian vector multiplets described in terms of gauge invariant field strengths. In the N = 2 case, the
field strength of a vector multiplet is a real linear superfield. The N = 2 superconformal sigma models
formulated using real linear superfields were studied in [64, 36].
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The latter constraint is obtained from (7.5) with the use of (4.42a).
The correlation function (7.8) is invariant under exchange of the superspace points z1
and z2 and the flavour indices a¯ and b¯. As a consequence, the functions H(f) and H(d) are
constrained by
H(f)(−XT,−Θ) = −H(f)(X,Θ) , H(d)(−XT,−Θ) = H(d)(X,Θ) . (7.11)
The general solutions of the equations (7.9), (7.10) and (7.11) prove to be
H(f)(X,Θ) = bN=2
iεIJΘ
I
αX
αβΘJβ
X3
, H(d)(X,Θ) = b˜N=2
1
X
. (7.12)
Here bN=2 and b˜N=2 are two real coefficients. One can also check that the functions H(f)
and H(d) obey the equations
H(f)(−XT1 ,−Θ1) = −x132X32H(f)(X3,Θ3) , (7.13a)
H(d)(−XT1 ,−Θ1) = x132X32H(d)(X3,Θ3) , (7.13b)
which are corollaries of the following symmetry property
〈La¯(z1)Lb¯(z2)Lc¯(z3)〉 = 〈Lc¯(z3)Lb¯(z2)La¯(z1)〉 . (7.14)
Finally we point out that the functions (7.12) can be rewritten in terms of the covariant
object Xαβ with the use of (4.37)
H(f)(X,Θ) = bN=2
iεIJΘ
αIΘJβXαβ
X3
, (7.15a)
H(d)(X,Θ) = b˜N=2
1
X
(
1 +
1
8
Θ4
X2
)
. (7.15b)
In verifying eq. (7.15a), the N = 2 identity εIJΘIαΘJβΘ2 = 0 may be useful. We point out
that the expression in parentheses in (7.15b) involves the square of the superconformal
invariant (4.34).
It should be stressed that the appearance of the d-term in the flavour current correla-
tion function (7.8) is a novel feature which distinguishes the N = 2 superconformal field
theories from the N = 1 ones considered in section 6.1 and from non-supersymmetric
ones studied in [9]. In contrast to the four-dimensional theories, in three dimensions this
part of the correlation function cannot be considered as an anomaly induced contribution.
To understand the role of this part of the correlation function it would be interesting to
consider some examples of N = 2 theories in which this contribution is non-trivial.18 We
leave this issue for further studies.
18It may be shown that both f - and d-terms are generated in the free model (7.1) with λ = 0.
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7.2 N = 2 supercurrent
The N = 2 supercurrent is described by a primary symmetric second-rank spinor
Jαβ = J(αβ) of dimension 2, hence its superconformal transformation is
δJαβ = −ξJαβ − 2σ(z)Jαβ + 2λ(αγ(z)Jβ)γ . (7.16)
This transformation law is uniquely fixed by the condition that the supercurrent conser-
vation equation
DαI Jαβ = 0 (7.17)
is superconformal.
According to the general prescription (5.2), the two-point function for the supercurrent
is given by
〈Jαβ(z1)Jα′β′(z2)〉 = cN=2x12α
(α′x12β
β′)
(x122)3
, (7.18)
where cN=2 is a real coefficient. It is not difficult to see that this correlator is symmetric,
〈Jαβ(z1)Jα′β′(z2)〉 = 〈Jα′β′(z2)Jαβ(z1)〉, and respects the conservation equation (7.17),
DIα(1)〈Jαβ(z1)Jα′β′(z2)〉 = 0 , z1 6= z2 . (7.19)
The most general expression for the three-point function for the supercurrent is
〈Jαα′(z1)Jββ′(z2)Jγγ′(z3)〉 = x13αρx13α′ρ′x23βσx23β′σ′
(x132)3(x232)3
Hρρ
′,σσ′
γγ′(X3,Θ3) , (7.20)
where, by construction, the function Hρρ
′,σσ′
γγ′(X,Θ) obeys the symmetry property
Hρρ
′,σσ′
γγ′(X ,Θ) = H
(ρρ′),(σσ′)
(γγ′)(X,Θ) . (7.21)
Since both the supercurrent Jαβ and H
αα′,ββ′,γγ′ are Grassmann even, the three-point
function (7.21) has to be symmetric under the exchange z1 ↔ z2, α, α′ ↔ β, β ′. Hence,
Hαα
′,ββ′,γγ′(X,Θ) satisfies the following symmetry property
Hαα
′,ββ′,γγ′(−XT,−Θ) = Hββ′,αα′,γγ′(X,Θ) . (7.22)
In addition, Hαα
′,ββ′,γγ′ is characterised by the scaling property
Hαα
′,ββ′,γγ′(λ2X, λΘ) = λ−4Hαα
′,ββ′,γγ′(X,Θ) . (7.23)
With the use of eq. (4.42a), the supercurrent conservation condition (7.17) is translated
to the following equation for Hαα
′,ββ′,γγ′ :
DIαHαα
′,ββ′,γγ′(X,Θ) = 0 . (7.24)
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Just like in the problem of the three-point correlator for the N = 1 supercurrent consid-
ered in section 6.2, it is convenient to trade each pair of spinor indices for vector ones,
Hαα
′,ββ′,γγ′ = (γm)
αα′(γn)
ββ′(γp)
γγ′Hmnp , (7.25)
where Hmnp(X,Θ) satisfies the same scaling property as (7.23) as well as
Hmnp(−XT,−Θ) = Hnmp(X,Θ) (7.26)
and
(γm)αβDIαHmnp(X,Θ) = 0 . (7.27)
Unlike the N = 1 case, now it is not hard to list all possible structures consistent with
the symmetry (7.26) and the scaling property (7.23). This makes the analysis considerably
simpler than in the previous section. Just like in the N = 1 case, it is more convenient to
view H as function of Xm rather than Xαβ. Then the building blocks which can appear
in H are
ηmn , εmnp , X
m = −1
2
(γm)αβX
αβ , X =
√
XmXm ,
(ΘΘ)m = − i
2
(γm)
αβΘαIΘβJε
IJ , Θ2 = ΘαIΘαI . (7.28)
Note that there is the following N = 2 identity
(ΘΘ)mΘ
2 = 0 . (7.29)
Taking into account the symmetry property (7.26) and (7.23) we get the following general
expression for H :
Hmnp =
∑
i
AiHi,mnp +
∑
i
BiHi,mnp +
∑
i
CiHi,mnp , (7.30)
where Ai, Bi, Ci are some coefficients and the tensors Hi,mnp, Hi,mnp, Hi,mnp are explicitly
given by
H1,mnp =
ηmn(ΘΘ)p
X3
, H2,mnp =
XmXn(ΘΘ)p
X5
,
H3,mnp =
XmXp(ΘΘ)n +XnXp(ΘΘ)m
X5
,
H4,mnp =
ηmp(ΘΘ)n + ηnp(ΘΘ)m
X3
,
H5,mnp =
XmXnXpX
q(ΘΘ)q
X7
, H6,mnp =
ηmnXpX
q(ΘΘ)q
X5
,
H7,mnp =
ηmpXnX
q(ΘΘ)q + ηnpXmX
q(ΘΘ)q
X5
; (7.31)
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H1,mnp = εmnrX
r(ΘΘ)p
X4
, H2,mnp = εmnrXp(ΘΘ)
r
X4
,
H3,mnp = εmnpX
r(ΘΘ)r
X4
, H4,mnp = εmnrXpX
rXq(ΘΘ)q
X6
; (7.32)
H1,mnp =
ηnpXm − ηmpXn
X3
, H2,mnp =
ηnpXm − ηmpXn
X4
Θ2 ,
H3,mnp =
ηnpXm − ηmpXn
X5
Θ4 . (7.33)
Note that Hi,mnp = Hi,(mn)p, Hi,mnp = Hi,[mn]p, Hi,mnp = Hi,[mn]p.
It is easy to realize that Hi,mnp, Hi,mnp and Hi,mnp do not mix in the equation (7.27)
and, hence, they must satisfy the conservation law independently. Let us now substi-
tute (7.31), (7.32) and (7.33) in (7.27). This equation will lead to two types of terms:
terms linear in Θ and terms proportional to Θ3. Clearly, these terms must vanish sepa-
rately. Let us first consider the terms linear in Θ. Using the identities
(γm)αβDIαXn = −iηmnΘIβ − iΘIαεmnp(γp)αβ ,
(γm)αβDIαΘ2 = 2(γm)αβΘIα ,
(γm)
α
βDIα(ΘΘ)n = iεIJηmnΘJβ + iεIJεmnp(γp)αβΘJα (7.34)
it is straightforward to show that
B1 = B2 = B3 = B4 = 0 , C1 = C2 = C3 = 0 . (7.35)
Thus, Hi,mnp and Hi,mnp can be ignored and we can concentrate only on Hi,mnp in
eq. (7.31). Substituting (7.31) in (7.27) and considering only the terms linear in Θ gives
the following constraints on the coefficients Ai:
A1 − A4 = 0 , A3 − A6 = 0 , A2 − A7 = 0 ,
A1 + 4A4 + A7 = 0 , A2 + 4A3 + A5 + A6 + A7 = 0 . (7.36)
Similarly, concentrating on the terms cubic in Θ, after straightforward but lengthy calcu-
lations we obtain the following system:
3A1 + A2 + A3 + 6A4 + A6 + 2A7 = 0 , 3A1 + A2 − A3 − 3A4 + A6 − A7 = 0 ,
5A3 + 3A5 = 0 , 3A1 + A2 + 2A3 + 3A4 + A5 + A6 + A7 = 0 . (7.37)
To derive the system of equations (7.37), it is important to make use of the following
N = 2 identity
ΘαI(ΘΘ)m =
i
2
(γm)αβΘ
βJΘ2εIJ , (7.38)
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which can easily be obtained by differentiating (7.29).
The systems (7.36) and (7.37) turn out to be consistent and can be solved in terms of
one independent coefficient which we choose to be A1 ≡ A:
A2 = A5 = A7 = −5A , A3 = A6 = 3A , A4 = A . (7.39)
Thus, the three-point function of the supercurrent is fixed up to a single coefficient A.
Since the three-point function has only one overall coefficient, our result should possess
the right symmetry properties under the exchange z1 ↔ z3, z2 ↔ z3. However, since the
final result is rather simple and contains only a few terms listed in (7.31), the symmetry
under, say, the z1 ↔ z3 exchange is not hard to verify. The invariance of the three-point
function
〈Jαα′(z1)Jββ′(z2)Jγγ′(z3)〉 = 〈Jγγ′(z3)Jββ′(z2)Jαα′(z1)〉 (7.40)
implies the following equation19 on the tensor H
Hρρ
′,σ,σ′
ττ ′(−XT1 ,−Θ1) = X34Xσλ1 Xσ
′λ′
1 x13λαx13λ′α′x
ργ
13x
ρ′γ′
13 x13τβx13τ ′β′
×Hββ,α,α′γγ′(X3,Θ3) . (7.41)
Using the formulae (4.40) we can relate X3 with X1 and Θ3 with Θ1
X1αβ = −x13αα′x13ββ′X
α′β′
3
x134X32
, ΘI1α =
uIJ13x13αβX
βγ
3 Θ3γJ
x132X32
. (7.42)
It is now straightforward to substitute eq. (7.31) into (7.41) and verify that it is indeed
fulfilled if the coefficients Ai satisfy (7.39). More precisely, eq. (7.41) constrains the
coefficients Ai as follows
A1 −A4 = 0 , 2A1 + A2 + A3 = 0 , 2A1 + A6 + A7 = 0 . (7.43)
The system of equations (7.43) is weaker than the system (7.36), (7.37) and is contained
there. That is why the conservation law alone fully constrains the coefficients.
To conclude this section, we rewrite explicitly the final result for the tensor H in terms
of the objects (4.30):
Hαα
′,ββ′,γγ′ = idN=2
{
2
X3
[
εα(βεβ
′)α′ΘγIΘ
γ′
J + ε
α(γεγ
′)α′ΘβIΘ
β′
J + ε
β(γεγ
′)β′ΘαIΘ
α′
J
]
εIJ
+
1
X5
[
3Xαα
′
Xγγ
′
ΘβIΘ
β′
J + 3X
ββ′Xγγ
′
ΘαIΘ
α′
J − 5Xαα
′
Xββ
′
ΘγIΘ
γ′
J
]
εIJ
+
1
X5
[
5εα(γεγ
′)α′Xββ
′
+ 5εβ(γεγ
′)β′Xαα
′ − 3εα(βεβ′)α′Xγγ′
]
Xδδ
′
ΘIδΘ
J
δ′εIJ
+
5
2
1
X7
Xαα
′
Xββ
′
Xγγ
′
Xδδ
′
ΘIδΘ
J
δ′εIJ
}
. (7.44)
19Due to the identity (7.29) it is trivial to rewrite (7.31) in terms of X rather than X .
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Here we have denoted the overall coefficient by dN=2.
8 Correlators in N = 3 superconformal field theory
The off-shell N = 3 superconformal sigma model in three dimensions proposed in
[49] is a nontrivial example of classically N = 3 superconformal theories. Its formulation
is based on the projective superspace techniques [65, 66] (see [67] for a review). An
alternative approach to describe off-shell N = 3 hypermultiplets in three dimensions
[68] is provided by the harmonic superspace formalism [69, 40], see, e.g., [70] for the
formulation of the ABJM models [71] in N = 3 harmonic superspace. In the present
paper, we will not discuss the harmonic and the projective superspace formulations for
the off-shell hypermultiplet as it goes beyond our goals. Here we will simply provide
examples of N = 3 supercurrent and flavour current multiplets, and for this it suffices to
consider a free on-shell massless N = 3 hypermultiplet.20 It is described by a primary
superfield qi, and its conjugate q¯i, subject to the equation of motion [68]
D(ijα q
k) = 0 , (8.1)
which is the 3D N = 3 analogue of the famous 4D N = 2 hypermultiplet constraints due
to Sohnius [72]. Here Dijα is obtained from D
I
α by replacing its isovector index with a pair
of isospinor ones by the general rule [49]
ZI → Zij := i√
2
(~Z · ~σ)ij ≡ ZI(τ I)ij , Zii = 0 , (8.2)
with ~σ being the Pauli matrices. The hypermultiplet qi transforms in the defining repre-
sentation of SU(2), which is the double cover of the R-symmetry group SO(3). The SU(2)
indices are raised and lowered with the antisymmetric tensors εij and εij, ε
12 = −ε12 = 1.
Let us consider a system of n free on-shell hypermultiplets. It is described by a column
n-vector qi constrained by (8.1) and its conjugate q†i . The supercurrent Jα and a flavour
current multiplet La¯ij are given by
Jα = i q
†
i
←→
Dijα qj , (8.3a)
La¯ij = i q
†
(iΣ
a¯qj) , (8.3b)
20Although the harmonic and the projective formulations for the free hypermultiplet differ off the mass
shell, they lead to the same on-shell superfield.
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where Σa¯ is a flavour group generator. With the use of (8.1) it is possible to check that
the operators (8.3) obey the N = 3 conservation equations given in (1.1) and (1.4). In
the SU(2) notation, these equations read
Dij αJα = 0 , (8.4a)
D(ijα L
kl) = 0 . (8.4b)
We now turn to studying the correlation functions of the supercurrent and flavour
current multiplets in quantum N = 3 superconformal models.
8.1 N = 3 flavour current multiplets
The N = 3 flavour current multiplet is described by a primary real isovector LI of
dimension 1, which transforms under the superconformal group as
δLI = −ξLI − σ(z)LI + ΛIJ(z)LJ (8.5)
and obeys the conservation equation
D(Iα L
J) − 1
3
δIJDKα L
K = 0 . (8.6)
Similar to the N = 1 and N = 2 cases, we assume that the N = 3 superconformal field
theory under study has a set of flavour current multiplets LIa¯ associated with a simple
flavour group. According to (5.2), the two-point correlator for these multiplets is
〈LIa¯(z1)LJb¯(z2)〉 = aN=3 δ
a¯b¯uIJ12
x122
, (8.7)
with some coefficient aN=3. It may be checked that this two-function is symmetric,
〈LIa¯(z1)LJb¯(z2)〉 = 〈LJb¯(z2)LIa¯(z1)〉, and respects the conservation law (8.6),
D
(K
(1)α〈LI)a¯(z1)LJb¯(z2)〉 −
1
3
δKIDL(1)α〈LLa¯(z1)LJb¯(z2)〉 = 0 , z1 6= z2 . (8.8)
For the three-point function 〈LIa¯(z1)LJb¯(z2)LKc¯(z3)〉, we follow (5.3) and make the
ansatz
〈LIa¯(z1)LJb¯(z2)LKc¯(z3)〉 = u
II′
13 u
JJ ′
23
x132x232
(
f a¯b¯c¯HI
′J ′K
(f) (X3,Θ3) + d
a¯b¯c¯HI
′J ′K
(d) (X3,Θ3)
)
, (8.9)
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where f a¯b¯c¯ and da¯b¯c¯ are antisymmetric and symmetric invariant tensors of the flavour
group. The functions HIJK(f,d) should obey the following scaling property
HIJK(f,d)(λ
2X, λΘ) = λ−2HIJK(f,d)(X,Θ) . (8.10)
The three-point function under consideration has to possess the symmetry property
〈LIa¯(z1)LJb¯(z2)LKc¯(z3)〉 = 〈LJb¯(z2)LIa¯(z1)LKc¯(z3)〉 , (8.11)
which implies the following constraints for H(f,d)
HIJK(f) (X,Θ) = −HJIK(f) (−XT,−Θ) , HIJK(d) (X,Θ) = HJIK(d) (−XT,−Θ) . (8.12)
The most general solution of the equations (8.10) and (8.12) can be written as
HIJK(d) =
∑
n
bnH
IJK
(d)n , H
IJK
(f) =
∑
n
cnH
IJK
(f)n +
∑
n
dnHIJK(f)n , (8.13)
where bn, cn and dn are some coefficients and the tensors H
IJK
(d)n , H
IJK
(f)n and HIJK(f)n are
HIJK(d)1 =
εIJLALK
X3
, HIJK(d)2 =
εIKLBJL + εJKLBIL
X2
,
HIJK(d)3 =
εIJLALKΘ
2
X4
, HIJK(d)4 =
εIKLBJL + εJKLBIL
X3
Θ2 ; (8.14)
HIJK(f)1 =
εIJK
X
, HIJK(f)2 = −
1
2
AILεLJK + AJLεLIK
X3
,
HIJK(f)3 = −
1
2
δIJεKMNAMN
X3
, HIJK(f)4 =
1
4
AIJεKMNAMN
X5
,
HIJK(f)5 = −
1
2
εIJLBKLΘ2
X3
, HIJK(f)6 = −
1
2
εIJKΘ4
X3
; (8.15)
HIJK(f)1 =
εIJKΘ2
X2
, HIJK(f)2 =
εIJLBLK
X2
,
HIJK(f)3 = −
1
2
εIJKΘ6
X4
, HIJK(f)4 = −
1
2
δIJεKMNAMNΘ2
X4
,
HIJK(f)5 = −
1
2
δIKεJMNAMN + δJKεIMNAMN
X4
Θ2 ,
HIJK(f)6 = −
1
2
BIJεKMNAMN
X4
. (8.16)
Here we have introduced
AIJ := iΘIαXαβΘ
Jβ = −AJI , BIJ := ΘIαΘJα = BJI . (8.17)
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In principle, the set (8.16) could be extended by one more term
HIJK(f)7 = −
1
2
BIKεJMNAMN +BJKεIMNAMN
X4
, (8.18)
which obeys both equations (8.10) and (8.12). However this term is linearly dependent of
the others,
HIJK(f)7 = HIJK(f)4 +HIJK(f)5 −HIJK(f)6 , (8.19)
and therefore the list (8.16) is complete.
The tensor HIJK(f) in (8.13) is determined by two sectors with functions H
IJK
(f)n and
HIJK(f)n . As will be seen further, these pieces should independently obey the constraints
imposed by the conservation condition and symmetry of the correlation function under
the permutation of superspace points.
With the aid of the identity (4.42a), the supercurrent conservation law (8.6) leads to
the following constraint on HIJK(f,d)
D(Iα HJ)KL(f,d) −
1
3
δIJDMα HMKL(f,d) = 0 . (8.20)
Computing the derivatives of the tensors (8.15) and (8.16) and substituting them in the
equation (8.20) we find the following constraints on the coefficients cn and dn:
all bi = 0 ; (8.21a)
c2 = 2c1 , c3 = c1 , c5 = −2c6 , c4 = −4c6 ; (8.21b)
d1 = d2 = d3 = d4 = 0 , 2d5 + d6 = 0 . (8.21c)
In deriving these equations we have used the following N = 3 identities:
ΘIαΘJβΘKγΘLδεJKL = −1
2
εαβΘ2ΘJγΘKδεIJK − 1
2
εαγΘ2ΘJβΘKδεIJK (8.22a)
−1
2
εαδΘ2ΘJβΘKγεIJK ,
ΘIαΘJαΘ
KβΘLγ εJKL = 2Θ
2ΘJβΘKγ εIJK , (8.22b)
which are differential consequences of the more general N = 3 identity
Θ2εIJKΘ
I
αΘ
J
βΘ
K
γ = 0 . (8.23)
As is seen from (8.21a), the part of the correlation function with the symmetric tensor
da¯b¯c¯ vanishes since HIJK(d) = 0. In the rest of this section we concentrate on the derivation
of the part of the flavour current correlator with the antisymmetric tensor f a¯b¯c¯.
56
The three-point correlation function has to possess the symmetry property
〈LIa¯(z1)LJb¯(z2)LKc¯(z3)〉 = 〈LKc¯(z3)LJb¯(z2)LIa¯(z1)〉 . (8.24)
It imposes the following constraint on the tensor HIJK(f)
HIJK(f) (−XT1 ,−Θ1) = −x132X32uII
′
13 u
JL
13 U
LJ ′
3 u
KK ′
13 H
K ′J ′I′
(f) (X3,Θ3) , (8.25)
as a consequence of (4.47). This equation gives additional relations among coefficients ci
and di, which are:
c2 = 2c1 − c5 + 1
2
c4 , c3 = c1 − 3
2
c5 +
3
4
c4 , c6 = − 5
12
c1 ;
d2 = d6 = 0 , d5 = d4 + 2d1 . (8.26)
Comparing these equations with (8.21b) and (8.21c) we see that all coefficients di vanish
while all ci can be expressed in terms of c1 ≡ bN=3,
c2 = c3 = bN=3 , c4 = 3c5 = −4c6 = 5
3
bN=3 , di = 0 . (8.27)
Taking into account these relations, we can rewrite the resulting expression for the tensor
HIJK(f) (8.13) in terms of the matrix (4.44). Our final result for the three-point function is
〈LIa¯(z1)LJb¯(z2)LKc¯(z3)〉 = f a¯b¯c¯ u
II′
13 u
JJ ′
23
x132x232
HI
′J ′K
(f) (X3,Θ3) (8.28a)
where
HIJK(f) =
bN=3
X
[
εIJK − ULJεLIK + U ILεLJK
− 1
16
(δIJεKMNUMN + εIMNUMNUKJ + εJMNUMNU IK)
+
5
16
(U IJεKMNUMN + δIKεJMNUMN + δJKεIMNUMN)
]
. (8.28b)
Here we have used the following relation between the matrix U IJ given by (4.46) and the
composites in (8.17)
U IJ = δIJ − 2A
IJ
X2
+
BIJΘ2
X2
. (8.29)
The three-point function (8.28) looks more complicated than its 4DN = 2 counterpart
[25]. The reason for that is the isovector notation used for the R-symmetry indices.
Switching to the isospinor notation, following the prescription (8.2), should simplify the
structure of the correlation function.
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8.2 N = 3 supercurrent
The N = 3 supercurrent is described by a primary real spinor Jα of dimension 3/2,
which is characterised by the superconformal transformation law
δJα = −ξJα − 3
2
σ(z)Jα + λα
β(z)Jβ (8.30)
and obeys the conservation equation
DIαJα = 0 . (8.31)
According to (5.2), the two-point correlation function for the supercurrent reads
〈Jα(z1)Jβ(z2)〉 = icN=3 x12αβ
(x122)2
, (8.32)
with cN=3 a parameter. It is antisymmetric, 〈Jα(z1)Jβ(z2)〉 = −〈Jβ(z2)Jα(z1)〉, and re-
spects the conservation equation (8.31),
DIα(1)〈Jα(z1)Jβ(z2)〉 = 0 , z1 6= z2 . (8.33)
In accordance with (5.3), the three-point correlator for the supercurrent has the form
〈Jα(z1)Jβ(z2)Jγ(z3)〉 = x13αα′x23ββ′
(x132)2(x232)2
Hα
′β′
γ(X3,Θ3) , (8.34)
where H should have the following scaling property
Hαβγ(λ2X, λΘ) = λ−3Hαβγ(X,Θ) . (8.35)
Due to
〈Jβ(z2)Jα(z1)Jγ(z3)〉 = −〈Jα(z1)Jβ(z2)Jγ(z3)〉 , (8.36)
the tensor H should obey the following symmetry property
Hβαγ(−XT,−Θ) = −Hαβγ(X,Θ) . (8.37)
The most general form for H compatible with the relations (8.35) and (8.37) is
Hαβγ(X ,Θ) =
∑
ciH
αβγ
i (X,Θ) , (8.38)
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where ci are some coefficients and
Hαβ1 γ(X,Θ) =
Xαα
′
Xβ
′βΘIα′Θ
J
β′Θ
K
γ εIJK
X5
,
Hαβ2 γ(X,Θ) =
XβαXµνΘIµΘ
J
νΘ
K
γ εIJK
X5
,
Hαβ3 γ(X,Θ) =
(δβγX
αρ + δαγX
ρβ)XµνΘIµΘ
J
νΘ
K
ρ εIJK
X5
,
Hαβ4 γ(X,Θ) =
Xβ
′βΘIαΘJβ′Θ
K
γ
X4
εIJK −
Xαα
′
ΘIα′Θ
JβΘKγ
X4
εIJK . (8.39)
Here we have listed all linearly independent structures. Note that owing to the identity
(8.23) there are no terms of order O(Θ5).
Now we have to impose the constraint
DIαHαβγ = 0 , (8.40)
which follows from the conservation law (8.31). In deriving (8.40), the identity (4.42a)
has been used. At order O(Θ2) the equation (8.40) gives
−c1 + 2c2 = 0 , c2 − c3 = 0 , c4 = 0 , (8.41)
while collecting the terms of order O(Θ4) we find
−c1 + 2c2 = 0 . (8.42)
In the derivation of these equations we have used the identities (8.22b). The general
solution of (8.41), (8.42) reads
c4 = 0 , c2 = c3 = dN=3 , c1 = 2dN=3 , (8.43)
where dN=3 is a single free coefficient.
As a result, the tensor Hαβγ has the following explicit form
Hαβγ(X,Θ) =
dN=3
X5
[
(δβγX
αρ + δαγX
ρβ)XµνΘIµΘ
J
νΘ
K
ρ εIJK
+XβαXµνΘIµΘ
J
νΘ
K
γ εIJK + 2X
αµXνβΘIµΘ
J
νΘ
K
γ εIJK
]
. (8.44)
One can also check that this expression obeys the equation
Hµνα(−XT1 ,−Θ1) =X32xµµ
′
13 x13αα′x
νν′
13 X3ν′ρH
α′ρ
µ′(X3,Θ3) , (8.45)
which is a consequence of the symmetry property
〈Jγ(z3)Jβ(z2)Jα(z1)〉 = −〈Jα(z1)Jβ(z2)Jγ(z3)〉 . (8.46)
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9 Concluding remarks
In this paper, we have demonstrated that for three-dimensional N -extended super-
conformal field theories with 1 ≤ N ≤ 3 each of the two-point and three-point functions
for the supercurrent is fixed by the symmetries and by the conservation law up to a single
overall coefficient. In particular, our results imply that each of the two- and three-point
functions for the stress-energy tensor in 3D superconformal theories are fixed up to one
coefficient. It is natural to expect that the coefficients in the two- and three-point func-
tions for the supercurrent are related to each other through a Ward identity just like
in 4D (super)conformal theories [9, 27]. Although the required Ward identities may be
derived using the known prepotential formulations for 3D N = 1 supergravity [37] and
3D N = 2 supergravity [38, 39], we postpone the study of such a relation for future work.
The fact that such correlation functions are constrained up to an overall coefficient makes
3D superconformal theories similar to the well-studied case of 2D conformal field theory.
We have also proved that the three-point function of the flavour current multiplets
is determined by a single functional form in the N = 1 and N = 3 cases. The specific
feature of the N = 2 case is that two independent structures are allowed for the three-
point function of the flavour current multiplets, but only one of them contributes to
the three-point function of the conserved currents contained in these multiplets. This is
explicitly demonstrated in Appendix C.
As was shown in [11, 12], 3D non-supersymmetric conformal theories can have certain
odd parity contributions to three-point functions of the stress-energy tensors and flavour
currents. They do not exist for an arbitrary number of space-time dimensions but are
a specific 3D (and, perhaps, in general, an odd-dimensional) feature. Such terms do
not arise in free conformal field theories but can appear in interacting Chern-Simons
theories coupled to parity violating matter. Some general constructions of the parity
violating terms inN = 1 superconformal theories were later discussed in [73]. There it was
shown that in some examples correlators of conserved currents can also contain parity odd
contributions. In our approach we did not distinguish whether various allowed structures
are even or odd under parity. For N = 1, 2, 3 we always assumed the most general ansatz.
Hence, our analysis demonstrates that odd parity contributions do not appear in the
supersymmetric cases for both the flavour current and supercurrent correlators.21 This is
21It is not difficult to show that our results are in complete agreement with [73]. For example, the
correlator of three N = 1 supercurrents corresponds to 〈J3/2J3/2J3/2〉 in [73]. This correlator admits
only one parity odd structure respecting the proper symmetry under the permutation of the three points
but this structure is inconsistent with the conservation law.
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explicitly proved in Appendix D for the N = 1 flavour current multiplets.
It is an interesting problem to generalise the present results to the superconformal
theories with N ≥ 4 supersymmetry. This is also postponed for future work.
We hope that the techniques developed in our paper will be useful in the context of
generalised higher spin superconformal theories formulated on hyper-superspaces, see [74]
and references therein.
Recently, the so-called superembedding formalism in four dimensions [75, 76, 77],
which was originally introduced by Siegel [78] and fully elaborated in [53] under the name
bi-supertwistor formalism, has been applied to compute correlation functions of multiplets
containing conserved currents in 4D N = 1 superconformal theories [77, 79, 80].22 The
3D N -extended bi-supertwistor formalism was presented in [53]. It would be of interest
to apply this approach for an alternative computation of the correlation functions of the
supercurrent and flavour current multiplets derived in our paper. The results given in
section 3 might be useful for that.
Acknowledgements:
We are grateful to Joseph Novak for comments on the manuscript. This work is supported
in part by the ARC DP project DP140103925. The work of E.I.B. was also supported by
the ARC Future Fellowship FT120100466.
A 3D notation and conventions
We mostly follow the notation and conventions adopted in [49]. In particular, the
Minkowski metric is ηmn = diag(−1, 1, 1).
The spinor indices are raised and lowered using the SL(2,R) invariant tensors
εαβ =
(
0 −1
1 0
)
, εαβ =
(
0 1
−1 0
)
, εαγεγβ = δ
α
β (A.1)
by the standard rule:
ψα = εαβψβ , ψα = εαβψ
β . (A.2)
22So far, the thee-point function for the N = 1 supercurrent originally computed by Osborn [27] has
not been re-derived within the superembedding approach.
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We employ real gamma-matrices, γm :=
(
(γm)α
β
)
, which are expressed in terms of the
Pauli matrices as γ0 = −iσ2, γ1 = σ3, γ2 = −σ1. They obey the algebra
γmγn = ηmn1 + εmnpγ
p , (A.3)
where the Levi-Civita tensor is normalised as ε012 = −ε012 = 1. The completeness relation
for the gamma-matrices reads
(γm)αβ(γm)
ρσ = −(δραδσβ + δσαδρβ) . (A.4)
Here (γm)
αβ and (γm)αβ are obtained from γm = (γm)α
β by the rules (A.2).
Given a three-vector xm, it can be equivalently described by a symmetric second-rank
spinor xαβ defined as
xαβ := (γ
m)αβxm = xβα , xm = −1
2
(γm)
αβxαβ . (A.5)
The same convention is adopted for the spacetime derivatives,
∂αβ = (γ
m)αβ∂m , ∂m = −1
2
(γm)
αβ∂αβ (A.6)
such that
∂mx
n = δnm , ∂αβx
γδ = −(δγαδδβ + δδαδγβ) . (A.7)
Note also that the square of a vector in terms of spinor indices reads
x2 = xmxm = −1
2
xαβxαβ . (A.8)
B N = 2 correlation functions in chiral basis
The case N = 2 is special since the R-symmetry group SO(2) is isomorphic to U(1),
and one can define a chiral subspace of the full superspace on which the superconformal
group OSp(2|4;R) acts by holomorphic transformations. This appendix is devoted to a
brief discussion of the correlation functions involving (anti)chiral superfields.
B.1 (Anti)chiral two-point functions
Instead of the real Grassmann coordinates θIα = (θ1α, θ2α), we introduce new complex
variables,
θα =
1√
2
(θ1α + iθ2α) , θ¯α =
1√
2
(θ1α − iθ2α) , (B.1)
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which have definite U(1) charges with respect to the R-symmetry group. The correspond-
ing spinor covariant derivatives
Dα =
1√
2
(D1α − iD2α) , D¯α = −
1√
2
(D1α + iD
2
α) (B.2)
obey the anti-commutation relations
{Dα, Dβ} = 0 , {D¯α, D¯β} = 0 , {Dα, D¯β} = −2i∂αβ , (B.3)
which guarantee the existence of a chiral subspace of the full superspace. The crucial
features of the chiral subspace are that (i) it is invariant under the N = 2 super-Poincare´
group; and (ii) its bosonic ya and fermionic θα coordinates are annihilated by the operators
D¯γ. Its bosonic coordinate is
yαβ = xαβ + 2iθ¯(αθβ) . (B.4)
The superconformal transformation law of the real superspace coordinates, eq. (2.27),
implies that the superconformal group acts by holomorphic transformations on the chiral
subspace. The superconformal variations of the chiral coordinates yαβ and θα are
δyαβ = aαβ + 4iǫ¯(αθβ) − λαγyγβ − yαγλγβ + σyαβ + yαγyβδbγδ
+iyαγθγ η¯
β + iyαγθβ η¯γ + 2iy
βγθαη¯γ + iy
αβθγ η¯γ , (B.5a)
δθα = ǫα − θβλβα + 1
2
σθα − iΛθα + yαγbγβθβ − yαβηβ + iθ2η¯α . (B.5b)
The parameter Λ of U(1) R-symmetry is related to the SO(2) parameters ΛIJ as ΛIJ =
εIJΛ, where εIJ is the antisymmetric tensor.
Let us consider the following Q-supersymmetric two-point function
yαβ12 = (x1 − x2)αβ − 2iθ(α1 θ¯β)12 + 2iθ(α12 θ¯β)2 , (B.6)
which is chiral in its first superspace argument and antichiral in the other,
D¯(1)γy
αβ
12 = D(2)γy
αβ
12 = 0 . (B.7)
It is related to the two-point function (4.13a) as
yαβ12 = x
αβ
12 + 2iθ¯
α
12θ
β
12 . (B.8)
For its square we have
y12
2 = x12
2 + iθIα12 (x12)αβθ
Iβ
12 + εIJθ
Iα
12 (x12)αβθ
Jβ
12 . (B.9)
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Using this formula, we get the conjugation rule for y12
2:
y122 ≡ y¯122 = y212 . (B.10)
One also finds the following useful identity for the product of y12
2 and y¯12
2
y12
2y¯12
2 = (x12
2)2 . (B.11)
Now, consider the orthogonal matrix uIJ12 given by (4.25) and transforming by the rule
(4.29). In this transformation, the matrix ΛIJ(z) is antisymmetric, and thus has one
independent component which we denote by Λ(z),
ΛIJ(z) = εIJΛ(z) . (B.12)
Given the matrix uIJ12 , we construct a complex scalar two-point function v12
v12 =
1
2
(uII12 + iεIJu
IJ
12 ) , (B.13)
which transforms as
δ˜v12 = i(Λ(z1)− Λ(z2))v12 . (B.14)
Using the explicit expressions for the two-point functions (4.13a) and (4.25) it can be
shown that (B.9) and (B.13) are related to each other as
y12
2 = x12
2v12 . (B.15)
Aapplying (4.19) and (B.14), we find the transformation of (B.9) to be
δ˜y12
2 = (σ(z1) + σ(z2))y12
2 , (B.16)
where the chiral superfield σ includes parameters of local scale and U(1) transformations
[49]
σ(z) = σ(z) + iΛ(z) , D¯ασ(z) = 0 . (B.17)
Thus (B.15) is a natural (anti)chiral generalisation of x12
2 which can serve as a building
block for correlation functions involving (anti)chiral superfields.
B.2 N = 2 correlation functions with (anti)chiral superfields
In this section, we consider some simple correlation functions which involve chiral
and antichiral primary superfields. First, we will consider a two-point correlator with
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chiral and antichiral superfields, and then we will derive the general expression for the
three-point correlation function with chiral, antichiral and linear superfields.
Let Φ be a chiral superfield of dimension q with no spinor indices. Its superconformal
transformation reads
δΦ(z) = −ξΦ(z) − qσ(z)Φ(z) , (B.18)
where σ is given by (B.17). This transformation preserves chirality since σ is chiral. Using
the two-point function (B.9) it is straightforward to construct the two-point correlator of
the chiral superfield Φ and its conjugate Φ¯,
〈Φ(z1)Φ¯(z2)〉 = c
(y122)q
, (B.19)
where c is an arbitrary coefficient. Owing to (3.38) this expression automatically possesses
correct chirality properties with respect to both arguments and has the right transforma-
tion rule because of (B.16).
As an example of a three-point function, we consider the correlator of a linear superfield
Ga¯, a chiral superfield Φa¯ and an antichiral one Φ¯a¯. Here the index a¯ can be considered
as a flavour group index. In this case these superfields can be identified with N = 2
superfield components of the N = 3 flavour current studied in sect. 8.1. Assuming that
all these three superfields have dimension one, we look for the correlation function with
the use of the standard ansatz
〈Ga¯(z1)Φb¯(z2)Φ¯c¯(z3)〉 = 1
x132y232
[f a¯b¯c¯H(f)(X3,Θ3) + d
a¯b¯c¯H(d)(X3,Θ3)] , (B.20)
where the functions H(f,d) should have the following homogeneity property
H(f,d)(λ
2X, λΘ) = λ−1H(f,d)(X,Θ) . (B.21)
Using the identity (4.42a), the linearity of the superfield Ga¯, D2Ga¯ = D¯2Ga¯ = 0, turns
into the following equations for the functions H(f,d)
D2H(f,d) = D¯2H(f,d) = 0 , (B.22)
where
Dα = ∂
∂Θα
+ iΘ¯β
∂
∂Xαβ
, D¯α = − ∂
∂Θ¯α
− iΘβ ∂
∂Xαβ
. (B.23)
The objects Θα and Θ¯α are expressed in terms of Θ
I
α by the rule (B.1). One can check
that the equations (B.23) being rewritten in terms of the derivatives DIα are equivalent to
(7.10). Therefore the solution of (B.22) is
H(f,d)(X,Θ) =
ic(f,d)1
X
+ c(f,d)2
iεIJΘ
I
αX
αβΘJβ
X3
, (B.24)
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where c(f,d)1 and c(f,d)2 are some complex coefficients.
Obviously, the correlation function (B.20) obeys the reality condition
〈Ga¯(z1)Φb¯(z2)Φ¯c¯(z3)〉∗ = 〈Ga¯(z1)Φc¯(z3)Φ¯b¯(z2)〉 . (B.25)
The latter leads to the constraints for the functions H(f,d):
H(f)(−XT2 ,−Θ2) = −
x12
2
x132
H¯(f)(X3,Θ3) , H(d)(−XT2 ,−Θ2) =
x12
2
x132
H¯(d)(X3,Θ3) .
(B.26)
This equation implies the following reality properties of the constants c(f,d)1 and c(f,d)2 in
(7.12)
c¯(f)1 = c(f)1 , c¯(f)2 = c(f)2 , c¯(d)1 = −c(d)1 , c¯(d)2 = −c(d)2 . (B.27)
Finally, we have to take into account the chirality of the correlation function with
respect to the second argument
D¯(2)αH(f,d)(X3,Θ3) = 0 . (B.28)
With the use of the identity (4.42b) the latter equation gives the following constraint to
the functions H(f,d)
Q¯αH(f,d)(X,Θ) = 0 , Q¯α = −i ∂
∂Θα
− γmαβΘβ
∂
∂Xm
. (B.29)
This equation is satisfied if the coefficients c(f,d)1 and c(f,d)2 in (7.12) are related to each
other as
c(f,d)1 = 2c(f,d)2 ≡ 2c(f,d) . (B.30)
As a result, each of the functions H(f) and H(d) has one free coefficient
H(f,d) = ic(f,d)
(
2
X
+
εIJΘ
I
αX
αβΘJβ
X3
)
= ic(f,d)
(
2
X
+
Θ4
4X3
+
εIJΘ
I
αX
αβΘJβ
X3
)
. (B.31)
Here we used the relation (4.37) to represent the function H in terms of covariant objects
(4.30). Note that in (B.31) the coefficient c(f) is real while c(d) is imaginary.
C N = 2→ N = 1 superspace reduction
This appendix is devoted to the N = 2 → N = 1 superspace reduction of the three-
point functions for the N = 2 supercurrent and flavour current multiplets.
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C.1 The supercurrent correlation function
As discussed in section 1, every N = 2 superconformal field theory is a special N = 1
superconformal field theory. The N = 1 supercurrent Jαβγ for this theory is related to
its N = 2 supercurrent Jαβ by the first equation in (1.7b). As a consequence, the N = 1
supercurrent correlation function (6.34) appears as a result of the N = 2 → N = 1
reduction from (7.20)
〈Jαα′α′′(z1)Jββ′β′′(z2)Jγγ′γ′′(z3)〉 = −iD2(1)αD2(2)βD2(3)γ〈Jα′α′′(z1)Jβ′β′′(z2)Jγ′γ′′(z3)〉| . (C.1)
Recall that here the symbol | means that we have to set θ2α to zero after computing
the derivatives. In this section we denote the values of the SO(2) indices I = 1, 2 with
boldface font to distinguish them from indices of other types.
According to (6.34), the N = 1 supercurrent correlation function is expressed in terms
of the tensor Hαα
′α′′,ββ′β′′,γγ′γ′′ (or Hαm,βn,γk if we trade the pairs of the spinor indices into
the vector ones by the rule (6.39)) which was found in the form (6.59) with the tensors
C and D given by (6.55), (6.57) and (6.50), (6.58), respectively. In its turn, the N = 2
supercurrent correlation function is represented by the tensor Hαα
′,ββ′,γγ′ given explicitly
by (7.44). In this section we will show that the former can be derived from the latter by
means of the equation (C.1).
To start with, we point out that the expression (7.44) for the tensor Hαα
′,ββ′,γγ′ with
spinor indices converted into Lorentz ones can be rewritten as
Hmnk = −idN=2 γµνp Θ1µΘ2ν Cmnp,k , (C.2)
where the tensor Cmnp,k has the form
Cmnp,k =
1
X3
(ηmnηkp + ηmkηnp + ηnkηmp) +
3
X5
(XmXkηnp +XnXkηmp +XpXkηmn)
− 5
X5
(XmXnηpk +XnXpηmk +XmXpηnk)− 5
X7
XmXnXpXk . (C.3)
In the formula (C.2) the dependence on the Grassmann variables is only through the
factor γµνp Θ
1
µΘ
2
ν while the rest is described by the tensor (C.3) which is a function of X .
It is interesting to note that (C.3) coincides with the similar tensor in eqs. (6.55), (6.57)
which was encountered in sect. 6.2. As was already shown there, this tensor is symmetric
and traceless over the first three indices
Cmnp,k = C(mnp),k , ηmnC
mnp,k = 0 , (C.4)
67
and obeys the differential equation
∂mC
mnp,k = 0 , (C.5)
where ∂m =
∂
∂Xm
. We also showed in sect. 6.2 that the equations (C.4) and (C.5) define
the form of the tensor (C.3) uniquely, up to an overall coefficient.
Now we substitute the expression (7.20) for the N = 2 supercurrent correlation func-
tions into (C.1) and represent it in the following form
〈Jαα′α′′(z1)Jββ′β′′(z2)Jγγ′γ′′(z3)〉
= −iD2(1)αD2(2)βD2(3)γ
x13α′ρ′x13α′′ρ′′x23β′σ′x23β′′σ′′
x136x236
Hρ
′ρ′′,σ′σ′′
γ′γ′′(X3,Θ3)|
= A +B , (C.6)
where in these two terms A and B the derivatives are distributed as follows
A = i
x13α′ρ′x13α′′ρ′′
x136
(
D2(3)γD
2
(2)β
x23β′σ′x23β′′σ′′
x236
)
D2(1)αH
ρ′ρ′′,σ′σ′′
γ′γ′′ |
−ix23β′σ′x23β′′σ′′
x236
(
D2(3)γD
2
(1)α
x13α′ρ′x13α′′ρ′′
x136
)
D2(2)βH
ρ′ρ′′,σ′σ′′
γ′γ′′ | , (C.7)
B = i
x13α′ρ′x13α′′ρ′′x23β′σ′x23β′′σ′′
x136x236
D2(3)γD
2
(2)βD
2
(1)αH
ρ′ρ′′,σ′σ′′
γ′γ′′ | . (C.8)
It is easy to see that the terms with the covariant spinor derivatives distributed in other
ways vanish since the expressions like D2(1)αx13ββ′ = −2iθ213β′εβα die in the |-projection.
We will analyse the A and B sectors separately.
We begin by considering the A term. Using the explicit expression for x, eq. (4.13a),
we find
D2(3)γD
2
(1)α
x13α′ρ′x13α′′ρ′′
x136
| = 2iερ′γεα′αx13α′′ρ′′ + ερ′′γεα′′αx13α′ρ′
x136
+ 6i
x13αγx13α′ρ′x13α′′ρ′′
x138
,
D2(3)γD
2
(2)β
x23β′σ′x23β′′σ′′
x623
| = 2iεσ′γεβ′βx13β′′σ′′ + εσ′′γεβ′′βx23β′σ′
x236
+ 6i
x23βγx23β′σ′x13β′′σ′′
x238
.
(C.9)
Next, with the use of (4.42) we get
D2(1)αH
mnk| = (x−113 )ραD2ρHmnk| = −
x13αρ
x132
D2ρHmnk| ,
D2(2)βH
mnk| = i(x−123 )ρβQ2ρHmnk| =
x23βρ
x232
D2ρHmnk| . (C.10)
Now we substitute (C.9) and (C.10) into (C.7) and apply simple identities like
εσ′γεβ′β =
1
x232
(x23βσ′x23β′γ − x23βγx23β′σ′) (C.11)
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to represent the A sector of the supercurrent correlation function in the form
A =
x13α′ρ′x13α′′ρ′′x13αρ
x138
x23βσx23β′σ′x23β′′σ′′
x238
Hρρ
′ρ′′,σσ′σ′′
(A) γγ
′γ′′(X3,Θ3) , (C.12)
where
Hαα
′α′′,ββ′β′′
(A) γγ
′γ′′ = 6δ
(β
γ D2αHα′α′′,β′β′′)γ′γ′′ + 6δ(αγ D2βHα
′α′′),β′β′′
γ′γ′′ | . (C.13)
Here the symmetrisation involves only the underlined indices.
We stress that the covariant spinor derivatives D2α in the expression (C.13) act only
on the Grassmann variable Θ2ν and do not hit the X-dependent tensor C
mnp,k since the
action of the covariant spinor derivative on any combination of Xm is proportional to
Θ2 which dies in the |-projection. Hence, after converting pairs of spinor indices into
vector ones and using identities with three-dimensional gamma-matrices (A.3,A.4), the
expression (C.13) can be rewritten in the form
Hαm,βn,γk(A) = idN=2
[− 6(γp)αβΘγCmnp,k − (γp)αβ(γr)γδΘδηpp′ηqq′ηrr′(4εp′q′r′Cmnq,k
+εnp
′q′Cmqr
′,k + εnq
′r′Cmqp
′,k + εmq
′p′Cqnr
′,k + εmq
′r′Cqnp
′,k)
]
, (C.14)
where Θδ ≡ Θ1δ . The first term here coincides (up to the factor−6) with the corresponding
term in (6.59). To match the other terms we need to consider also contributions to
Hαm,βn,γk from the B part given by (C.8).
In the B sector of the correlation function we need to compute three covariant spinor
derivatives of the tensor (C.2),
D2(3)γD
2
(2)βD
2
(1)αH
mnk| = i(x−123 )σβ(x−113 )ραD2(3)γ [Q2σD2ρ + u2123Q1σD2ρ + u2113Q2σD1ρ ]Hmnk| .
(C.15)
In this expression, u2123 and u
21
13 are components of the matrix (4.25) which appear in
(C.15) owing to the identities (4.42). The factor (x−123 )
σ
β(x
−1
13 )
ρ
α in the right-hand side of
(C.15) is the right one which is required to form the expression (6.34). Now we have to
analyse the remaining piece of this expression.
Using the explicit expressions (4.38) for Q2σ and D2ρ the first term in the right-hand
side of (C.15) can be rewritten as
D2(3)γQ2σD2ρHmnk|
= D2(3)γ
[
Θ2µ
∂
∂Xσµ
∂
∂Θ2ρ
+Θ2µ
∂
∂Xρµ
∂
∂Θ2σ
−Θ2µ ∂
∂Xρσ
∂
∂Θ2µ
]
Hmnk|
= [(x−113 )
µ
γ − (x−123 )µγ]
(
∂
∂Xσµ
∂
∂Θ2ρ
+
∂
∂Xρµ
∂
∂Θ2σ
− ∂
∂Xρσ
∂
∂Θ2µ
)
Hmnk| . (C.16)
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To get the last line we used the fact that in the |-projection only those terms survive
in which the derivative D2(3)γ acts on Θ
2µ and produces the factor [(x−113 )
µ
γ − (x−123 )µγ].
However, the latter structure is non-covariant in the sense that it cannot be expressed
solely in terms of Xαβ and Θ
I
α. Indeed, using the identity (4.35) and the definition of
X3αβ (4.30), we represent the factor [(x
−1
13 )
µ
γ − (x−123 )µγ] in (C.16) as
(x−113 )αβ − (x−123 )αβ = −X3αβ + i
εαβ
x232
θ223 + 2i(x
−1
13 )αµθ
µ
13θ
ν
32(x
−1
32 )νβ . (C.17)
The last two terms here are non-covariant. Therefore, they must cancel against similar
terms coming from the last two terms in (C.15)
D2(3)γ [u
21
23Q1σD2ρ + u2113Q2σD1ρ ]Hmnk| = 2Θ1γ
∂
∂Θ1σ
∂
∂Θ2ρ
Hmnk
−2i[(x−123 )γµθµ23Θ1ν
∂
∂Xσν
∂
∂Θ2ρ
+ (x−113 )γµθ
µ
13Θ
1ν ∂
∂Xρν
∂
∂Θ2σ
]Hmnk| . (C.18)
To prove the cancellation of non-covariant terms we have to use the fact the tensor H is
linear in Θ1 and can be represented in the form H = Θ1κh
κ, for some hκ. Here we suppress
all indices of the tensor H as they do not play role in this consideration. Then, using the
explicit expression for Θ1α (4.30), we observe that the non-covariant terms have the same
structure and cancel against each other
i(x−113µγ − x−123µγ)Θ1κhκ = −iX3µγH +
(
θ223
x223
x−113γκθ
κ
13 +
θ213
x213
x−123γκθ
κ
23
)
hµ ,
2x−123γµθ
µ
23Θ
1νΘ1κh
κ = −
(
θ213
x213
x−123γµθ
µ
23 +
θ223
x223
x−113γµθ
µ
13
)
hν ,
2x−113γµθ
µ
13Θ
1νΘ1κh
κ = −
(
θ213
x213
x−123γµθ
µ
23 +
θ223
x223
x−113γµθ
µ
13
)
hν . (C.19)
Thus in the expression (C.15) only covariant terms remain
D2(3)γD
2
(2)βD
2
(1)αH
mnk| = i(x−123 )σβ(x−113 )ρα
(
2Θ1γ
∂
∂Θ1σ
∂
∂Θ2ρ
+Xµγ
∂
∂Xρσ
∂
∂Θ2µ
−Xµγ
∂
∂Xσµ
∂
∂Θ2ρ
−Xµγ
∂
∂Xρµ
∂
∂Θ2σ
)
Hmnk| . (C.20)
To summarise, the B part of the correlation function (C.8) can be represented in the
form
B =
x13α′ρ′x13α′′ρ′′x13αρ
x138
x23βσx23β′σ′x23β′′σ′′
x238
Hρρ
′ρ′′,σσ′σ′′
(B) γγ
′γ′′(X3,Θ3) , (C.21)
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where the tensor H(B), after converting the pairs of spinor indices into the vector ones, is
expressed in terms of the derivatives of (C.2) as follows
Hαm,βn(B) γk =
(
− 2Θ1γ
∂
∂Θ1β
∂
∂Θ2α
+Xµγ
∂
∂Xβµ
∂
∂Θ2α
+Xµγ
∂
∂Xαµ
∂
∂Θ2β
−Xµγ ∂
∂Xαβ
∂
∂Θ2µ
)
Hmnk| . (C.22)
Now we substitute here the tensor Hmnk in the form (C.2) and compute the deriva-
tives over the Grassmann variables. As a result, with the use of identities with three-
dimensional gamma-matrices (A.3,A.4), we find
Hαm,βn,γk(B) = idN=2
[
(γp)αβΘγCmnp,k − 3(γp)αβ(γr)γρΘρεqprCmnq,k (C.23)
−(γp)αβ(γt)γρΘρεlstX l∂sCmnp,k − (γp)αβ(γs)γρΘρεqplX l∂sCmnq,k
+(γp)αβ(γl)
γρΘρεqpsX
l∂sCmnq,k + (γp)αβ(γr)γρΘρεqsrX
q∂pC
mns,k
]
.
In deriving this expression we have also used the simple relation
X l∂lC
mnp,k = −3Cmnp,k , (C.24)
which reflects the fact that the tensor C is homogeneous of degree −3 with respect to
Xm.
The final result of computing the correlation function of N = 1 supercurrent is given
by the sum of the tensors (C.14) and (C.23). It can be represented in the form similar to
(6.59):
Hαm,βn,γk = −5i dN=2
(
γαβp Θ
γCmnp,k + γαβp γ
γδ
r ΘδD
(mn),k,p,r
)
, (C.25)
where
D(mn),k,p,r =
1
5
(
εpqrηqq′C
mnq′,k + εnqkηqq′C
mq′r,t + εnqrηqq′C
mq′p,k + εmqpηqq′C
q′nr,k
+εmqrηqq′C
q′np,k + εlsrXl∂sC
mnp,k + εqplηqq′Xl∂
rCmnq
′,k
−εqplηqq′Xr∂lCmnq′,k − εlqrηqq′Xq∂pCmnq′,k
)
. (C.26)
Our final task is to match the tensor (C.26) with the last two terms in (6.59). A
straightforward comparison is rather complicated and we will give an indirect proof. For
this we will show that (C.26) satisfies all the same equations as D(mnp),k,r from sect. 6.2.
First, one can show that (C.26) is symmetric and traceless in (m,n, p) (though this
symmetry is not manifest)
D(mn),k,p,r = D(mnp),k,r , ηmnD
(mnp),k,r = 0 . (C.27)
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Now we split D(mnp),k,r in (C.26) into the symmetric and antisymmetric parts in (k, r).
Using the explicit form of the tensor Cmnp,k in (C.3) one can show that
εkrqηkk′ηrr′D
(mnp),k′,r′ = −Cmnp,q , ηkrD(mnp),k,r = 0 . (C.28)
This implies that D(mnp),k,r can be written as follows
D(mnp),k,r = D(mnp),(kr) +
1
2
εkrqηqq′C
mnp,q′ , ηkrD
(mnp),(kr) = 0 . (C.29)
We see that the antisymmetric part in eq. (C.29) precisely agrees with that of the tensor
D(mnp),k,r in sect. 6.2, see eq. (6.46). We are now left to match the symmetric part
D(mnp),(kr).
To continue, we contract (C.26) with ηpr and εprq to obtain
ηprD
(mnp),k,r = 0 , εrpqD
(mnp),k,r + ηqq′C
mnq′,k = 0 , (C.30)
which, using (C.29), imply (6.47). Finally, using eqs. (C.3), (C.4), (C.5) we find that
∂mD
(mnp),k,r = 0 , ∂mD
(mnp),(kr) = 0 . (C.31)
As a result, we found that D(mnp),(kr) satisfies exactly the same equations as in sect.
6.2. On the other hand, we have shown in sect. 6.2 that these equations allow us to fully
solve for D in terms of C and such a solution is unique. Since the tensor C in (C.2)
coincides with the one from sect. 6.2 we conclude that (C.26) is the same as D(mnp),k,r
found in sect. 6.2. This completes our proof.
As a byproduct of the above computations, we find that the coefficients in the three-
point functions of N = 1 and N = 2 supercurrents derived in the sections 6.2 and 7.2 are
related to each other as
dN=1 = −5dN=2 . (C.32)
C.2 The flavour current correlation function
The N = 2→ N = 1 superspace reduction of the flavour current correlation functions
given by (7.8) and (6.10) goes the same way as in the previous section. Therefore here
we mention only the essential details of this derivation.
Recall that the N = 1 flavour current multiplet Lα appears as a component of the
N = 2 flavour current superfield L as in eq. (1.10b). Hence, the corresponding relation
for the correlation functions reads
〈La¯α(z1)Lb¯β(z2)Lc¯γ(z3)〉 = −iD2(1)αD2(2)βD2(3)γ〈La¯(z1)Lb¯(z2)Lc¯(z3)〉| , (C.33)
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where | means that we set θ2α = 0 at each superspace point. Recall that the N = 2 flavour
current correlation function (7.8) consists of two parts which include tensors f a¯b¯c¯ and
da¯b¯c¯ and both functions H(f) and H(d) are non-trivial, see (7.15). One could expect that
the corresponding N = 1 correlator appearing in (C.33) may include both such parts.
However, as we will show further, the part with the symmetric tensor da¯b¯c¯ vanishes upon
this reduction and does not contribute to the N = 1 flavour current correlator.
Substituting (7.8) into (C.33) we represent the latter as a sum of the two pieces
〈Lα(z1)Lβ(z2)Lγ(z3)〉 = f a¯b¯c¯(A(f) +B(f)) + da¯b¯c¯(A(d) +B(d)) , (C.34)
where
A(f,d) =
i
x132
(
D2(3)γD
2
(2)β
1
x232
)
D2(1)αH(f,d)(X3,Θ3)
− i
x232
(
D2(3)γD
2
(1)α
1
x132
)
D2(2)βH(f,d)(X3,Θ3)| ,
B(f,d) =
i
x132x232
D2(3)γD
2
(2)βD
2
(1)αH(f,d)(X3,Θ3)| . (C.35)
The functions H(f,d) are given in (7.12).
In the A part, we apply the following equations:
D2(3)γD
2
(2)β
1
x232
| = 2ix23βγ
x234
, D2(3)γD
2
(1)α
1
x132
| = 2ix23αγ
x124
. (C.36)
Then using analogs of the equations (C.10), we represent the A sector in the form
A(f,d) =
x13αα′x23ββ′
x134x234
Hα
′β′
(A,f,d)γ(X3,Θ3) , (C.37)
where
Hαβγ(A,f) = 2ε
γβD2αH(f) + 2εγαD2βH(f)| = bN=2 4i
X3
(εγβXαρΘρ + ε
γαXβρΘρ) , (C.38a)
Hαβγ(A,d) = 2ε
γβD2αH(d) + 2εγαD2βH(d)| = 0 . (C.38b)
Now we consider the part B in (C.35). Computation of this piece goes similarly to
the analysis given in the previous section. Indeed, the equations (C.15)–(C.20) remain
exactly the same with the only modification that we have to discard the indices m,n, k
in the tensor H . Thus, we can immediately write down the analog of (C.21):
B(f,d) =
x13αα′x23ββ′
x134x234
Hα
′β′
(B,f,d)γ(X3,Θ3) , (C.39)
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where
Hαβ(B,f,d)γ =
(
− 2Θ1γ
∂
∂Θ1β
∂
∂Θ2α
+ Xµγ
∂
∂Xβµ
∂
∂Θ2α
+Xµγ
∂
∂Xαµ
∂
∂Θ2β
− Xµγ ∂
∂Xαβ
∂
∂Θ2µ
)
H(f,d)| . (C.40)
Substituting the function (7.12) into (C.40) and computing the derivatives we find
Hαβγ(B,f) = bN=2
i
X3
(10XαβΘγ − 4XαγΘβ − 4XβγΘα
−6εγαXβρΘρ − 6εγβXαρΘρ) , (C.41a)
Hαβγ(B,d) = 0 . (C.41b)
The equations (C.38b) and (C.41b) show that the N = 1 flavour current correlation
function does not receive contributions with the symmetric tensor da¯b¯c¯,
Hαβγ(d) = H
αβγ
(A,d) +H
αβγ
(B,d) = 0 . (C.42)
The other part with the antisymmetric tensor f a¯b¯c¯ is non-trivial. It is given by the sum
of the expressions (C.38a) and (C.41a)
Hαβγ(f) = H
αβγ
(A,f) +H
αβγ
(B,f)
= bN=2
2i
X3
(5XαβΘγ − 2XαγΘβ − 2XβγΘα − εγαXβρΘρ − εγβXαρΘρ) . (C.43)
Finally, applying the identity (6.16), the tensor (C.43) can be brought to the form
Hαβγ(f) (X,Θ) = bN=2
2i
X3
(XαβΘγ − εαγXβρΘρ − εβγXαρΘρ)
= bN=2
2i
X3
(XαβΘγ − εαγXβρΘρ − εβγXαρΘρ) . (C.44)
Comparing the last expression with (6.23) we conclude that the coefficients bN=1 and bN=2
are related to each other as
bN=1 = 2bN=2 . (C.45)
D Component reduction
The correlation functions of the energy-momentum tensor and flavour currents origi-
nate as components in the θ-expansion of the correlation functions for the supercurrent
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and flavour current multiplets, respectively. In this section, we consider a particular exam-
ple in which we demonstrate how to derive the correlation function of the flavour current
from the corresponding superfield correlator obtained in section 6.1.
We start with the N = 1 flavour current correlator in the form (6.10). Substituting
the latter into (6.25), we represent the correlation function as a sum of two pieces
〈La¯αα′(x1)Lb¯ββ′(x2)Lc¯γγ′(x3)〉 = A+B , (D.1)
where
A = f a¯b¯c¯
x13α′α′′
x134
(
D(3)γD(2)β
x23β′β′′
x234
)
D(1)αH
α′′β′′
γ′(X3,Θ3)
−f a¯b¯c¯x23β′β′′
x234
(
D(3)γD(1)α
x13α′α′′
x134
)
D(2)βH
α′′β′′
γ′(X3,Θ3)| , (D.2)
B = f a¯b¯c¯
x13α′α′′x23β′β′′
x134x234
D(3)γD(2)βD(1)αH
α′′β′′
γ′(X3,Θ3)| . (D.3)
In the A sector, we compute the derivatives of the objects x13 and x23 using their explicit
form (4.13a),
D(3)γD(1)α
x13α′α′′
x134
| = 2i
x136
(x13αα′′x13α′γ + x13αγx13α′α′′) ,
D(3)γD(2)β
x23β′β′′
x234
| = 2i
x236
(x23ββ′′x23β′γ + x23βγx23β′β′′) . (D.4)
With the use of (4.42), the derivatives of the tensor H in (D.2) can be written as
D(1)αH
α′′β′′
γ′| = −x13αρ
x132
DρHα′′β′′γ′| , D(2)βHα′′β′′γ′ | = x23βρ
x232
DρHα′′β′′γ′| . (D.5)
Substituting (D.4) and (D.5) into (D.2) we represent the A part in the form
A =
x13αρx13α′ρ′x23βσx23β′σ′
x136x236
f a¯b¯c¯Hρρ
′,σσ′
(A) γγ
′(X3) , (D.6)
where
Hρρ
′,σσ′
(A) γγ
′ = −4iδ(σγ DρHρ
′σ′)
γ′ − 4iδ(ργ DσHρ′)σ′γ′ | . (D.7)
The symmetrisation here involves only the underlined indices.
Consider the B part given by (D.3). Similarly as in eqs. (C.15) and (C.16), we find
D(3)γD(2)βD(1)αH
α′β′γ′ = i(x−123 )
σ
β(x
−1
13 )
ρ
αD(3)γQσDρHα′β′γ′
= −i(x−123 )σβ(x−113 )ραXµγ
(
∂
∂Xσµ
∂
∂Θρ
+
∂
∂Xρµ
∂
∂Θσ
− ∂
∂Xρσ
∂
∂Θµ
)
Hα
′β′γ′ | . (D.8)
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Here we used an analog of the identity (C.17) in which all Grassmann variables vanish.
Substituting (D.8) into (D.3) we represent the B part of the correlation function in the
form
B =
x13αρx13α′ρ′x23βσx23β′σ′
x136x236
f a¯b¯c¯Hρρ
′,σσ′
(B) γγ
′(X3) , (D.9)
where
H(B)ρρ′,σσ′,γγ′ = −iXµγ
(
∂
∂Xσµ
∂
∂Θρ
+
∂
∂Xρµ
∂
∂Θσ
− ∂
∂Xρσ
∂
∂Θµ
)
Hρ′σ′γ′ | . (D.10)
Now we substitute the tensor (6.23) into (D.7) and (D.10), and after computing deriva-
tives, we find
Hρρ′,σσ′,γγ′ = H(A)ρρ′,σσ′,γγ′ +H(B)ρρ′,σσ′,γγ′
=
3bN=1
X5
XρσXρ′σ′Xγγ′ − bN=1
X3
[
Xρ′σ′(εγσεργ′ + εγρεσγ′)
−5Xρσ(εγσ′ερ′γ′ + εγρ′εσ′γ′) +Xρρ′(εγσεσ′γ′ − 2εγσ′εσγ′)
+Xσσ′(εγρερ′γ′ − 2εγρ′εργ′) +Xρσ′(εγσερ′γ′ − 2εγρ′εσγ′)
+Xσρ′(εγρεσ′γ′ − 2εγσ′εργ′)−Xγγ′(ερρ′εσσ′ + ερσ′εσρ′)
+2Xργ(εσσ′ερ′σ′ + εσρ′εσ′γ′) + 2Xσγ(ερρ′εσ′γ′ + ερσ′ερ′γ′)
+Xσ′γ(ερρ′εσγ′ + εσρ′εργ′) +Xγρ′(εσσ′εργ′ + εσγ′ερσ′)
]
. (D.11)
This tensor defines the flavour current three-point correlation function,
〈La¯αα′(x1)Lb¯ββ′(x2)Lc¯γγ′(x3)〉 =
x13αρx13α′ρ′x23βσx23β′σ′
x136x236
f a¯b¯c¯Hρρ
′,σσ′
γγ′(X3) . (D.12)
It is instructive to convert the pairs of spinor indices into vector ones in the correlation
function (D.12) to compare it with the corresponding expression obtained in [9]. Using
the identity 23
−1
2
γαα
′
m γ
ββ′
n
x13αβx13α′β′
x132
= ηmn − 2x13mx13n
x132
≡ Imn(x13) , (D.13)
we find
〈La¯m(x1)Lb¯n(x2)Lc¯k(x3)〉 = −
1
8
γαα
′
m γ
ββ′
n γ
γγ′
k 〈La¯αα′(x1)Lb¯ββ′(x2)Lc¯γγ′(x3)〉
=
Imm′(x13)Inn′(x23)
x134x234
f a¯b¯c¯Hm
′n′
k(X3) , (D.14)
23Note that in the case N = 0 the objects (4.13a) and (4.22) coincide and we do not distinguish x13
from x13 in what follows.
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where
Hmnk(X) = −1
8
γρρ
′
m γ
σσ′
n γ
γγ′
k Hρρ′,σσ′,γγ′(X)
= 3dN=1
(
XmXnXk
X5
+
ηnkXm − ηmkXn − ηmnXk
X3
)
. (D.15)
Finally, using the identity X3
2 = x12
2
x232x132
we represent the denominator in (D.14) in a
symmetric form with respect to the indices labelling spacetime points
〈La¯m(x1)Lb¯n(x2)Lc¯k(x3)〉 =
Imm′(x13)Inn′(x23)
x122x132x232
f a¯b¯c¯ tm
′n′
k(X3) , (D.16)
where
tmnk(X) = X
2Hmnk(X) = 3dN=1
(
XmXnXk
X3
+
ηnkXm − ηmkXn − ηmnXk
X
)
. (D.17)
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